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It is well known that weighted sum of node states plays an essential role in function implementation of
neural networks. Therefore, this paper proposes a new weighted sum synchronization model for memris-
tive neural networks. Unlike the existing synchronization models of memristive neural networks which
control each network node to reach synchronization, the proposed model treats the networks as dynamic
entireties by weighted sum of node states and makes the entireties instead of each node reach expected
synchronization. In this paper, weighted sum complete synchronization and quasi-synchronization are
both investigated by designing feedback controller and aperiodically intermittent controller, respectively.
Meanwhile, a flexible control scheme is designed for the proposed model by utilizing some switching
parameters and can improve anti-interference ability of control system. By applying Lyapunov method
and some differential inequalities, some effective criteria are derived to ensure the synchronizations of
memristive neural networks. Moreover, the error level of the quasi-synchronization is given. Finally,
numerical simulation examples are used to certify the effectiveness of the derived results.
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1. Introduction

Before memristor was discovered, there are three elementary
circuit elements: resistor, capacitor and inductor. In 1971, Chua
predicted memristor and proved that any combination of the other
three circuit elements could not obtain memristor behavior. In
2008, Hewlett-Packard Company succeeded in fabricating practi-
cal memristor devices, see [1,2]. Compared to conventional resis-
tor, memristor has better peculiarities such as large density, low
power consumption and non-volatile memory. Because of these
excellent features, memristor has been successfully applied in dif-
ferent scientific and engineering fields [3-7], one of which is to
establish memristive neural networks. Different from general non-
linear dynamic systems [8-10], memristive neural network is a
kind of state-dependent nonlinear switching system. Therefore,
many researchers have studied the dynamic behaviors of memris-
tive neural networks [11-17].

As a significant collective dynamical behavior, synchronization
has drawn much attention owing to its applications in associative
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memory, information encryption and secure communication [18-
20]. Until now, many different kinds of synchronization models
have been observed and presented such as global synchronization
[21], finite-time synchronization [22,23],complete synchronization
[24] and output synchronization [25]. In neural networks, syn-
chronous behavior has a vital role in some functions such as infor-
mation expression and pattern recognition [26]. Thus, plenty of
studies on synchronization of memristive neural networks have
been presented [27-37]. According to synchronization error, these
researches can be divided into two categories: complete synchro-
nization and quasi-synchronization. Complete synchronization
whose eventual error is zero means that systems will reach
expected synchronization trajectory perfectly. This synchroniza-
tion is widely studied because it can completely eliminate synchro-
nization error. But in a real-world environment, there exist some
interference factors such as outside perturbation and parameter
mismatch [38,39]. In these undesirable situations, synchronization
error may not be controlled to zero and then quasi-
synchronization is in the spotlight whose final error is non-zero
but within an acceptable bound for practical applications. Up to
now, many efforts have been devoted to study quasi-
synchronization of memristive neural networks [34-37]. For
example, in [36], Xin et al. investigated quasi-synchronization of
a kind of chaotic memristive neural networks by treating memris-
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tive neural networks as the neural networks with uncertain contin-
uous parameters. In [37], Fan et al. employed some intermittent
controllers to tackle quasi-synchronization issue of memristive
neural networks with time delay by combining interval matrix
algorithm and matrix measure method. As we known, sometimes
systems can not be synchronized only by themselves. Thus some
control strategies are put forward to drive systems to synchronize,
such as sliding-mode control [20], impulsive control [27], adaptive
control [40], and aperiodically intermittent control [37,41]. As a
discontinuous control strategy, aperiodically intermittent control
is practical and economical for engineering applications since it
has a unfixed control interval and can reduce information commu-
nication effectively. Thus in this paper, this control approach is
employed to study the proposed synchronization model.

As introduced above, various synchronization models have been
proposed for memristive neural networks. But actually, these syn-
chronization models, according to model structure, can almost be
classified as a class of synchronization pattern: node-to-node syn-
chronization, that is, each node in response system synchronizes
with the corresponding node in drive system under controller, as
shown in Fig. 1. However, this scheme may not be suitable for
practical applications because neural networks in reality usually
consist of so many neuron nodes and it is difficult or even impos-
sible to control each node to achieve synchronization. Actually in
neural networks including artificial and biological neural networks,
nodes are always combined by weighted sum form to achieve cer-
tain function [42,43], that is, weighted sum of node states is an
essential step in function achievement of neural networks. Thus,
it is unnecessary for neural networks to control each node behavior
and the control of weighted sum of node states will be more direct
and effective for function achievement. Moreover, such a control
pattern is economic since the number of controllers can be
reduced. Therefore, for neural networks, it is important and pro-
found to propose a synchronization model to study weighted
sum of node states. Stimulated by the above analysis, this paper
proposes a weighted sum synchronization model for memristive
neural networks, as illustrated by Fig. 2 where the synchronization
is reached between weighted sums of node states in drive and
response systems. The main contributions can be highlighted as
follows.

(1) A new weighted sum synchronization model is proposed for
memristive neural networks (also for neural networks). By
designing two different controllers, this paper investigates
weighted sum complete synchronization as well as quasi-
synchronization. By utilizing Lyapunov function and differ-
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Fig. 1. The node-to-node synchronization model of memristive neural networks.

Drive system

U, -

controller

499

Response system Drive system

Fig. 2. A new weighted sum synchronization model for memristive neural
networks.
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ential inequalities, the sufficient conditions of two synchro-
nizations are obtained in the paper. Moreover, an explicit
expression of the error level is also derived for the quasi-
synchronization.

(2) Aflexible control scheme is designed for the proposed model
by using some time-varying switching parameters. Changing
these parameters, the scheme can adjust controller in real
time and thus can deal with some sudden control problems
in synchronization process. Therefore, compared with the
existing controllers which are fixed and unadjustable in syn-
chronization process, our controller based on this scheme
will be more flexible and have a better anti-interference
ability.

The remainder of this paper is organized as follows. Section 2
describes model of memristive neural networks and some
preliminaries. Section 3 develops some new criteria for weighted
sum synchronization of memristive neural networks. Section 4
gives numerical simulation to demonstrate the effectiveness of
proposed results. Finally, some conclusions are presented in
Section 5.

Notation: co[¢",¢™] denotes the convex hull. For a matrix
A, /max(A) and Amin(A) denote the largest and smallest eigenvalues
of A, respectively, and A” represents its transposition. I denotes
the identity matrix of compatible dimension. For a n-dimension
vector X = (X1,...,Xn) , ||x| represents the Euclidian vector norm.
For a positive real number 7, C([—7,0],R) is the family of function
G from [-7,0] to R.

2. Model and preliminaries

In this paper, based on the early works [21,22,30], we consider
the following memristive coupled neural networks whose dynam-
ics can be described by state equation:

Xi(t) = =s:(xe(O)X(6) + D@ (xe(0)f (%:(1))
z=1

+ Y de(X(6)g(X:(t — &(t) + L £ =1,2,....n (1)

where f,(-) and g,(-) are activation functions, I, is the external input,
&(t) represents time-varying transmission delay, s,(x(t)), @ (x.(t))
and ¢, (x,(t)) are state-dependent memristive coefficients which
make the system (1) different from the traditional neural networks
[44,45] whose coefficients are time-dependent or some constants.
According to the general mathematical model of memristor [46],
these coefficients can be described as follows:
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si(x(0) {5 K| <T,
Se, [X(0)] > T,

QLX) = { Qe |%(D)] < Ty .,
Gz, |x(8)] > Ty

Gz, [X(8)] < Ty

bua(X,()) = { .
(/)gz7 ‘X{(f)' > T[.
where switching jumps T,>0,5,>0,5 >0, @, (7)”,3);;2 and
éz,0,z=1,...,n, are all constant numbers.
In the following, we introduce two assumptions which are
needed for our study.
Assumption (Hq): The

nonlinear functions f,() and

g =1,...,n) satisfy
fe(ha () = fi(h2(6)] < aglha (£) = ha(1)],
I <h,
18,()| < 2,

where h(t),hy(t) € R,a, >0,l; >0, and I, >0 are some known
constants.

Assumption (H,): The time delay g(t) satisfies 0 < g(t) < u
where ¢ > 0.

From (2), it is easy to see that s,(x,(t)), @, (x.(t)) and ¢, (x.(t))
are discontinuous. Therefore, the solutions of (1) are handled in
Filippov’s sense. Now, we give the following definition.

Definition 1. (Filippov Regularization [47]): The Filippov set-valued
map of f(t,x) at x € R" is defined as follows:

=N ﬂ CO[f (x,9) \N)]

0>0u(N
where F(t,x) = ;.0 un=0COLf (B(x,0) \ N)|, and u(N) is the Lebes-
gue measure of set N. Co[E] denotes the closure of the convex hull
of the set E.

Then, according to Definition 1 and by applying the theory of
differential inclusion, we can get the memristive neural networks:

t)+ > (¢, @iz )f2(x(t)

X, € —co(s;,s;")x

z=1
+ > (¢, bi7 )Xot — (1)) + 11, £
z=1
=1,2,....,n 3)

where s; =min {sf,§f},s;* = max{sg,i}}, 0, = min{(pzz,@,ﬂz},

(¢;; = max {a)ﬂz» @/z}s d)Z’z = min {;m $62}7 d)g = max {Em CZiz}v and

So, % (8)] < T,
€o(s;,s;") = [si,si7]s [xe(t)| = T,
S, |x,(t)| > T,
P (1) < T,
(@5, 03], X(O] =T,
Pz X ()] > T,

O(pr, Piz) =

iz, X (O] < T,
[d);zv (b;z*} ) |X¢(t)| = Té
iz, 1%, (O)] > T

0(¢y,, bis) =

In this paper, the corresponding response system with control is
considered as:

DIEVAG)

Ve(t) = =se(y,(t) +Z(pﬁz(yf

+ Zd’[z yé

gz yz ti%( )))+1/+Ug,

€=1,2,,,,7 .
where
S(0) = {§ o) <T,
S ye(0) > T,
V(D) = ?427 V(I <T
e { Qzs [y (O)] > T

Dulyi(0) = {¢ WOl <T
Gez, [y (O)] > T,

u,(t) is the controller to be designed.
Similar to (3), the response system can be written as follows:

)+ ZCO Pl (pfz fz(yz(t))

Yo € —co(s;, s} Yz/

+ Zﬁ(% 073) &V, (t — &) + 1, +up £
z=1

=1,2,...,n

where

ey (O] < T

[si.si]s v (O] =T,

S ye(0)] > T,
@iz, |y, (0] < T,
AR HNAGIE
Pz, [ye(O)] > T,

wo(si.s;) -

(pr, Piz) =

ey, (D] < T,
[¢sz ‘me ’ D’/(t)‘ = Tz
biz, [ye(0)] > To.

(97, diz) =

Now, we give the definitions of weighted sum complete syn-
chronization and quasi-synchronization, and some lemmas which
will help to derive the main results of our work.

Definition 2. The weighted sum complete synchronization of
drive-response memristive neural networks (1) and (4) is said to
be achieved if, by designing suitable controllers u,(t),¢ =1,2,...,n,
there are the nonnegative weights w,,7/ =1,2,...,n, such that for
any initial values x(t),y(t) € C([—u,0]; R),

n n
ZWU’z(t) - szxé'(t)
=1 (=1

lim
t—oo

Definition 3. The weighted sum quasi-synchronization of drive-
response memristive neural networks (1) and (4) is said to be
achieved if, by designing suitable controllers u,(t),¢=1,2,...,n,

there are constants 9 > 0,w, > 0,/ =1,2,...,n, such that for any
initial values x(t),y(t) € C([—u, 0]; R),

n n
lim|| > wiy, (0) = > wixi(t) || <

=1 =1
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Remark 1. Recently, output synchronization has been investigated
in [25,48-51]. In these researches, each network node x, has multi-
ple states x, € R’,p > 1, and node output is expressed as o, = bx, ,
where b is a constant matrix. In these researches, the synchroniza-
tion is achieved between node outputs. From synchronization form,
there is similarity between output synchronization and the pro-
posed synchronization since they both combined node states by
using a matrix b or a vector (wy, ..., wy). But in fact, our work is dif-
ferent from these researches. First, output coupling condition and
dissipation coupling condition (i.e., the sum of each row of coupling
configuration matrix must be zero), some strong conditions for
memristive neural networks, do not need to be satisfied in our work
but play a crucial role in the synchronization achievements of
[25,48-51]. Therefore, their obtained results are not suitable for
this paper at all. On the other hand, different from general nonlinear
networks in [25,48-51], memristive neural network, a more com-
plex state-dependent switching system, is considered in this paper,
which makes our work more challenging and difficult.

Lemma 1 [52]. For chosen non-negative continuous function g(t), if

it satisfies: g(t) < —og(t) + pg(t —e(t)), t = to, where
a>pf>00<egt) <
Then, g(t) <gu(t0) rt=to) t > to, where gu(to) =

SUPy,—u<s<i, 18(S)} and 1> 0 is the unique positive solution of the
equation r — o + pe"* = 0.

Lemma 2 [37]. For chosen continuous non-negative function g(t), if

it satisfies:  g(t) < —ag(t) + pg(t —&(t)) + ¢, t = to, where
a>p>0y>00<e() <
Then,  g(t) < g,(to)e ™) + L t > t;,  where  g,(to) =

SUDy,_p<s<to {&(S)}, @ is the unique positive solution of the equation
—w = —o + fe”H,

Lemma 3 [37]. For chosen continuous function g(t), if it is non-
negative and satisfies: g(t) < ag(t) + pg(t — &(t)) + ¢, t > to, where
B, o+ B, and y are positive scalars, 0 < &(t) < L.

Then, the following inequality holds:

lﬁ (o) (t~to) __ lﬂ
g(t) < <gﬂ(t0)+—a+ﬁ)e 0 —a+ﬂ,t>to

where gu(tﬂ) = Supto—u<s<[0 {g(S)}

Lemma 4 [53]. For chosen function g(t), if it is non-negative and
satisfies:

g(t) <gu(t)e ™+t <t<T,

g( ) <g/1(Tr) + C) wt Tr) — é”

Then, the following inequality holds:
h—(h P

8(t) <g(0)e M+ 1

—h2 >0,h1 :IU(G—IU)J'IZ
(c+&eh ¢

T <<t

+¢,t>0.

where h=h,
sup,(tri1 —tr),p =

=w(o-0),0=inf.(t,—t;),0=

Lemma 5. For any vectors q,p € R",
inequality.

2¢'p<q'q+p'p.

there exists the following

3. Main results

In this section, state feedback control is first considered for
weighted sum complete synchronization of the drive-response sys-

tems (1) and (4). Then a flexible aperiodically intermittent control
scheme is designed to ensure weighted sum quasi-synchronization
of the systems. By constructing Lyapunov function and applying
some differential inequalities, we will derive the sufficient condi-
tions of two synchronizations in this section.

Define the node error signal as e/ (t) =y,(t) — x.(t),
¢=1,2,...,n. For convenience of the following proof, let.

W= Wi,...,wa),e(t) = (er,....en)",S = diag(s) (x: (1)), . ..
$u(%a(0)), K = (kiz(£)),., S = diag(i,...,5), S = diag(El,...,En),
— @l = (1), B = (B), 0= (92)

)" A = diag(a;, ..., an),

< S

= (U1,... Uy

IT; = (gé - §£>Xz(t) + i(@z - g)fz)fz(xz(t))

z=1

" Z (- 0 Jestnte e,

I = <§4 - Eé)yi(t

n

+ Z($ - )00 - ()

)+ Y (a = Be)000)

n no|_ .
II, = ‘54* —§z‘Tz +Zaz Dy — @z Tz+z Gz — Guz|o, TT
z=1 z=1
—(m)”
I = (I, I) T = (T, TT,)".

3.1. Weighted sum complete synchronization

For weighted sum complete synchronization, only one state
feedback controller is designed to reduce control cost. Without loss
of generality, assume the weight of the first node is non-zero and
the controller can be designed as follows:

{u](t ZW’ {Zku(t X:(6) —y, (D) +1, (stgn (sz X, (t yz(t))>>},w1 #0
z= z=1
u,(t) :0‘5:2,3,...,n

(5)

where w, denotes weight parameter, k. (t) and #, are the control
gain parameters, and sign(-) is the standard sign function.

Theorem 1. By applying Assumptions (H,) and (H,), the weighted
sum complete synchronization of drive system (1) and response
system (4) is achieved under the synchronization controller (5), if for

positive constants q, I\71;,I\7Ih Cy, and €, (¢ = 1,2), control gain K and
n, satisfy condition (C1) and condition (C2), respectively.
(C1) W(=S —K) =

o= min(q —C —

—qW, where q
2.q-c4 f—> >p= max(%,%).

(C2) Sl wen, > 7= Wil + max(1\711 + 1\712,M1 + 1\712>

satisfies

Proof. Construct a Lyapunov-Krasovskii function as follows:

1 (We(t)) We(t).

V(e) =5
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Since connection coefficients of memristive neural networks are
state-dependent, the proof can be divided into the following four
cases.

Case 1. If |x,(t)| < T, |y,(t)] < T, at time t, we can obtain the error

system
&(t) = —sie(t) + > Pufa(ex(t) + D pugales(t — 8(6)) +u;
z=1 z=1
where f.(e;()) = f,(,(6) — f,(x:()) and & (e,(t — &(6))) = g,(y,(t—
8(1))) — g,(x(t — £(0)) -

By Assumption (H;), we can get Construct a Lyapunov-
Krasovskii function as follows

)" f(ex(t)
z=1

(We(t)) Weof(e(t) = (We

ZW&‘;W:
(=1
< We(t)| ) (e(0)

n
wa(p/z .

=1

< 2h|We(t)

z=1

The 21, ZZ:I‘Z?:]W“?)U is a bounded constant, which means that

there are positive constants 1\711 and ¢, such that

n
ZW/ Dy,

(=1

n

2hy

z=1

< My + ¢ | We(t)].

Thus

—

(We(t) W pf(e(t) < My |(we

Similarly

0)"] + ¢1(We(t)) We(o) (6)

(We(0) Wogle(t— &(0))) < We(®)3 2h
j=1

n —
ZW/ ¢£‘z
=1

< |We(t)] (Mz +Ez\We(t—8(f))\>

=1?/12‘( ‘+c2’ (We(t ’|Wet &(t))].
According to Lemma 5, we can obtain
(We(t))'W @& (e(t — &(t)) < Ma|(We(0))'|
+ % (We(t))' We(t) + % (We(t — &(t)))" We(t — &(t)). (7)

Note that WU = —WKe(t) — Y"1, win;sign(We(t)).
Based on the above results, we can derive the time derivative of
V(t) as follows

DV(t) :<We<r>>TW(—§e<r>+¢f<e(t>>+$§<e<t—s(t>>>+U)

< (We(t)) <-W§e(t) - C We(t) + S We(t) - WKe(t))
0 (we( + G (We(t - o(t))) Wel(t — (1)

-3 wanoweqwy’| - (& +

)|+ M| (We(o)'| +
) we(e)"we(t
+(We(t))TW<—§—K> e(t) +%(We(t— &(t))) We(t—e(t))

_ <iwmé M 4\/1;) ‘(We(t))T‘.

=1

Then, from the conditions (C1) and (C2), we obtain

<—(g="c1 %) (We(t)) We(t) + 3 (We(t— &(t))) We(t - &(t))
<—aV(t)+ BV (t—&(t).

(8)

Case 2. If |x,(t)| > T, |y,(t)| > T, at time t, we have the error system

+ Z(pézfz ez

e(t) = _§ée/

+ Z(pﬁzgz ez t - S(t))) + Uy

Analogously, there are positive constants M, and (¢ =
that

1,2), such

DV(E) < (& +%)(We(t)) Wel(t)+ (We(t)W(~S—K)e(t)

) We(t —g(t (Zwmﬂ M, — M2>‘(We(t))T‘

( q+c1+“2) () We(t
<oV () + BV (t—&(t)).

+3 (We(t—&(t)))
% (We(t—&(t))) We(t —&(t))
9)

Case 3. If [x,(t)] > Ty, |y, (0)]
system as

< T, at time t, we rewrite the error

é/(t) = _§fef + Z(p/zfz ez + Z(,b/zgz ez t_ 8( ))) + Hi’ + U

Noting that |TE/| < IT,, we can calculate the derivative of V(t) as

DV(t) < <El n %) (We(t)) We(t) + (We(t))TW<f§ - K) e(t)
E
+ 5 (We(t — &(1))" We(t - &(1))

fgn

From conditions (C1) and (C2), we can obtain

My - m) |(we(t))|

DV() < (—q+8+5) (We(t) We(t) + (We(t — &(t))) Wel(t — &(t)

—aV(t)+ BV(t—&(t)).

<
<

(10)

Case 4. If |x,(t)| < Ts, |y, (t)] > T, at time t, we obtain the corre-
sponding error system as follows:

él(t) = —§(€4 + Z(pézfz ez + Z(/)Izgz ez t_ 8( ))) + H)/f + Uy

After similar analysis to Case 3, one has

< (& +%) (We(t)) We(t) + (We(t)) W (-5 -
+ % (We(t — &(t))) We(t — &t

o Srwe

)(We( ) Welt

‘72( e(t — &(t))) We(t — &(t))
aV(t) + BV(t — &(t)).

D V(1) )e(r)

(11)

Finally, by Egs. (8)-(11) and according to Lemma 1, the following
synchronization result can be derived:

[We(t)[| < sup [[We(s)e™™ (12)

—p<s<0



216 C. Zhou et al. / Neurocomputing 403 (2020) 211-223

where r is the unique solution of r = o — fe"™. From the above, one
can see that weighted sum complete synchronization is achieved
with exponential synchronization rate r, and this completes the
proof of Theorem 1.

Remark 2. In some published researches [46,40,54], in addition to
meet Assumption (H;), the activation functions need to satisfy
fo(£T,) = g,(£T,) =0 or f,(0) = g,(0) = 0, but many functions do
not have these properties. In this paper, we eliminate the strong
conditions and only need to meet Assumption (H;), which is more
reasonable and general.

Remark 3. Current synchronization researches on neural networks
only focus on single node behavior. Actually in neural networks,
there exists important combination behavior: weighted sum of
node states. It is clear that weighted sum of node states is an impor-
tant and essential step in function achievement of artificial neural
networks [45]. In many researches on biological neural networks
[43,55,56], it is indicated that weighted sum of node states plays
a crucial role in information expression and coding; in contrast, sin-
gle node can only express limited and rough information. Therefore,
for function of neural networks, it is theoretically and practically
important to study and control weighted sum of node states.

Remark 4. In this section, only one controller is designed to
achieve weighted sum complete synchronization. Obviously,
designing one controller can reduce economic costs and is also
easy to be implemented. Whereas, only one controller may make
the entire control system fragile and paralyzed easily when the
controller is subject to external deliberate attacks. Therefore, a
new control scheme is needed to improve the situation.

3.2. Weighted sum quasi-synchronization

In the above section, weighted sum complete synchronization
has been studied. As discussed before, the study of quasi-
synchronization is also very meaningful for practical applications
owing to the existence of interference factors in real environment.
Therefore in this section, weighted sum quasi-synchronization will
be investigated via designing a flexible aperiodically intermittent
controller.

Note that in Theorem 1, only one controller is designed for the
complete synchronization. Actually, for the proposed model, a
more flexible control scheme can be devised because there exist
multiple nodes but only one synchronization target. Considering
the advantages of aperiodically intermittent control in saving con-
trol costs and based on this method, we will design a flexible con-
trol scheme to make the systems (1) and (4) achieve weighted sum
quasi-synchronization. Without loss of generality, the weights of
the first [ nodes of the systems are assumed to be non-zero, and
then the controller is designed as

r(t)y BN ey (6)(x,(8) — y,(1), m=1,...,I
=1 z=1

0, m=I+1,...,n
(13)

where ki, (t) is control gain, r(t) is intermittent control parameter
and defined as follows: when t& Ty, r(t) =1;when
t € Trest, 7(t) = 0. Here, Tyo represents the work time interval
[tr,Tr) and Ty represents the rest time interval [T, tr.1). Pp(t) is
switching control parameter and taken as 0 or 1; it is worth noting
that when p,,, (t) meets Zﬁn:] S 1Pme(t) = n, after a simple calcula-
tion, we have

Un(t) =

-WK"e(t), ¢t
0, Tr

where K* = (kj,(t))

< T

t
14
t< tH]. ( )

<
WU:{
<

nxn’

Remark 5. In current synchronization researches, controller is
almost designed fixedly, that is, controller is invariable and
unadjustable in synchronization process. For our synchronization
model, the controller (13) is flexibly designed by introducing
switching parameter p,,,,(t),(m=1,...,1¢=1,...,n). According to
(13), it can be seen that we, by changing the value of p,,(t), can
adjust the number of controllers or their positions in the networks.
For example, let >°)_ip,(t) =n,m=j and S°7_;pp(t) = 0,m #j,
where 1 <j < is an arbitrary integer, and then we obtain one
controller but the controller position can be arbitrarily chosen.
Also, multiple controllers can be obtained by correspondingly
changing p,,,(t). More importantly, p,,(t) is time-varying, which
means that its value can be adjusted in real time to adapt to the
new changes or solve some new sudden control problems.
Particularly, when the network is deliberately disturbed or
attacked from the outside, timely adjusting controller by p,,(t)
can help control system to deal with these problems, which is very
important for the stability and security of the networks.

Theorem 2. By applying Assumptions (H;) and (H,), weighted sum
quasi-synchronization of drive system (1) and response system (4) is
achieved under the controller (13), if parameter p,(t) meet

Zﬁn:] S 1Pme(t) = n, and the following conditions hold.
(C1): W(-S-K")=—-qW, where q*

: = G+l < o1 cy ©
v min(g & 56 5 > o max(3.5).

min(©) ) ,o + > 0.

satisfies

(CZ): a** = max (‘H’ZEZ — min <®> ﬁ —

Zmax(WTW) » 2 )»maX(WTW)

where  © =1 <§TWTW TWIWS -WTW o o™ WTW — ATA> 6=
1 <§TWTW +WIWS - WWaaTww — ATA).

Proof. Introduce the following Lyapunov-Krasovskii function

V(t) = %(We(t))TWe(t).

(1) When t, < t < t,, the proof can be also divided into four cases.

Case 1: If |x,(t)| < T, |y, (t)| < T, at time ¢, from (14), one has
DV(t) =(We(t))"We(t)
— (We()"W/| (=5 =K )e(t)+ pFe(t) + lete - 0)

Note that the results similar to (6) and (7) of Theorem 1 are still
valid in this proof; and based on these results, we have

DVIe) < (We(t) W (~5 K Je(t)+ (&1-+) (Welt) We(
5 (We(e - o(0)"Welt —(0) + ( My + 2 )| (we(o)]
< (a6 %) (we(t) we(t)
+5 (Wel(t — (1)) We(t — &(1)) +  (We(t)) We(t)

_ N2
+1 <M1 +M2>
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By the condition (C1), we have

—(q* - E1

2
S (Welt — &(t))) Wel(t — &(t)) + 1 <M1 +M2)
< —aV(t)+ pV(E—e(t) + ¥

D'V(t) - ”“)(We( ) We(t)

hT

(15)

.

- 2 . . 2
where y = max <; <M1 + M2> 3 (M1 +M, + WH) ) and o and g

are defined as mentioned earlier.
Case 2: If |x,(t)| > Ts, |y, (t)] > T, at time ¢, after a similar infer-
ence to Case 1, one obtains

D'V(t) < 7(q* - CZ”)(We( ) We(t)

% (We(t - o(6))) We(t — (0) +§ (W1 + 1) (16)
V(D) + V(= e(0) + ¥

Case 3: If |x,(t)] > Ty, |y, (t)| < T, at time t, the time derivative of
V(t) can be described as

D*V(t) = (We(t)'W [ (~=S—K" )e(t) + f (e(t)) + ba(e(t -

+
<

() + 17|

Noting that (We(t))" WIF < WH‘(We(t))T) and according to the
condition (C1), then one has
D'V(t) < (We(t))TW(—§ —K*)e(t) + (E, +%2)(We(t>)TWe(t>

+ 3 (We(t — &(t)))T We(t — &(t)) + (1\711 +My+ W) ](We(t))T)

<—(q' =& —%) (We(t)) We(t)
+5 (We(t — &(0) Wel(t— &(1)) + (We(t)) We(r)
+%(A711+A712+WH)2
—o V() +pV(E—e(t)+y
(17)

Case 4: If |x,(t)| < Ty, |y, (t)| > T, at time ¢, similar to Case 3, it is
obtained that

DV(t) = (We(t) W[ (-S—K")e(t)+ @ (e(t)) + dg(e(t — e(t))) + IT

<= (-2 —55) (We(t)) We(t) + 3 (We(t —&(1))) We(t—&(0)
_ _, 2
+1 (M1 +M, +WH)
—a*V(t)+pV(t—e(t))+y
(18)

Thus, according to Eqs. (15)-(18), condition (C1) and Lemma 2,
we obtain

V(t) < Vyu(t)e ™" 1ot <t < 1y

where @ is the unique positive solution of —o* + fe®" + @ = 0, and

c=y/w.
(2) When 1, < t < t;;4, in Case 1, one has

—

DIV(t) = (We(t) W [ie(t) ety + pale(t - e(t)))}
<—le(t)" (§TWTW+ WTWE) e(t)

L (We(t)'W [Zoi(e(t)) gt s(t)))}

From Lemma 5 and Assumption (H; ), we obtain

(We(t)"W f (e(t)) <le(t)' W'W @ @"W We(t)+1f(e(t))f(e(t))
<le(t)'W'W @ o"WTWe(t) +le(t) A" Ae(t)

Then, by (7), we have
D'V(t) <e(t) {—% (ETWTW +wW'w E) +IWW g "W'W
ATAJe(t) + 152 (We(t)) We(t)

1

7

+ (We(t — (1)) We(t — &(t)) + 1 M3
Note that

T — T
e(t)” [—% (s WTW+WTWS> +i1Ww'wee WTW+%ATA}e(t)

- (WTW))e(t)TWTWe(t)

where (:) has been defined in Theorem 2.
Thus

“ 4min é)
DV() < |Hf-

Jmax (WTW)

e(t) WTwe(t)

—2

+% (We(t — S(I)))TWe(t —&(t) +1M,
< = V(E) + V(- e(t) +
where " = max (1 M3,1M3,1 (Mz + WH)2>, and «, ghave been

defined in Theorem 2.
In Case 2, similarly, it is inferred that

(45 - 22l el w et

S (We(t — &(t))) We(t — &(t)) + 1 M3
—oV(t) + BV (t — (b)) + ¢~

In Case 3, we have
D*V(t) = (We(t)"W[-Se(t) + f (e()) + $&(e(t - &(t))) + 1]

ge(t)T[—%<§TWTW+WTW§> HIWTWHFTWTW +1 ATA] (t)

D V(1)

N

+
<

+5 (We(t—&(t)) We(t — &(t)) +% (We(t)) We(t)

+ (M +11) | (We(o))'|

1+¢
(-

+§(We(t — a(t)))" Wel(t — &(6)) +} (M +wn)2
—o V() 4+ BV (E— (b)) + ¥

Frin(6) )e(t)TWTWe(t)

imax (WTW)

(21)
In Case 4, similarly, we obtain

— (We(t)'W [=Se(t) + f (e(t)) + d@(e(t — &(t))) + IT]

< (155 -2y et W

D'V(t)

% (We(t — &(0)))" We(t — &(6) + 3 (W + W)

< —aV(t) + BV(t—e(t)) + ¥
(22)
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Let w = o + B, and according to Eq. (19)-(22), condition C2) and
Lemma 3, we obtain
V() < (Vu(ty) + )e?™ — £, 1, < t < by

where ¢ ="/ o.
Finally, based on Lemma (4), we have

V(E) < Vy(0)ete o 4 - _pe,h 4et>0. (23)

where h=h;-h,>0h = @0O-p),h,=

r—t),0 =sup(trs1 — &), p = (¢ + et — &
Thus, it can be inferred that

2
IWe(t)] < /5 _’;h 420, — oo,

which indicates that drive-response systems (1) and (4) obtain
weighted sum quasi-synchronization with exponential synchro-
nization rate and error range /2p/(1 —e-") + 2¢. This completes
the proof.

w(o —0),0 =inf,(t

Remark 6. It is worth noting that the aperiodically intermittent
control can achieve complete synchronization of general nonlinear
dynamic system [41,57], but cannot guarantee complete synchro-
nization of memristive neural networks. The main reason is that
unlike general nonlinear dynamic networks, memristive neural
networks are state-dependent switching systems, that is, the
values of the network coefficients depend on node state. This will
result in mismatches of corresponding parameters of drive-
response systems particularly when drive-response systems have
different initial values. Over time, parameter mismatches will
occur and produce unwanted disturbances and errors in synchro-
nization process. Because during the rest time interval [t,t;,1),
these disturbances and errors cannot be guaranteed to be elimi-
nated, intermittent control methods are currently used to ensure
quasi-synchronization of memristive neural networks.

4. Illustrative examples

In this section, two numerical simulations will be given to check
the validity of the above theoretical results.

Example 1. consider the following 2-D memristive coupled neural
networks:

X1(6) = =s1(x1(£)X1 () + @11 (X1 (£))f (X1 (£)) + @12(x1 (D)f (%2(1))
+11 (x1(1))g (X1 (t — &(1))) + P12 (X1 (1)) (x2(t — &(t))) + I
X2(t) = —52(%2(0))X2(t) + @y (X2())f (x4 (8))

+ 02 (%2 (0)f (%2(8)) + by (X2 (2))g (%1 (t — &(t
+h(X%2(t))g(x2(t — &(1))) + L2

)

where

1 (0] < 1.1 1x(t)] < 1.1

$100(1)) = { S208a(t)) = {

1, (0] > 1.1 1, ()] > 1.1
(04, (D] <1.1 (12 ()]< 1
(pnm(t))f{70.57|X](t)|>11 P “”*{1.3,|x1(t>|>1.1

1.6, 1% ()| < 1.1
1.7, %,(t) > 1.1

—0.55,[x;(6)] < 1.1

P21 (x2(1)) :{ —0.45,%,(t)| > 1.1

wzz(xzm):{

—0.3, % (6) < 1.1
~0.5, |x,(£)] > 1.1

2.5, %, (6) < 1.1

duxi () = { 2.1, % ()] > 1.1

pra (1)) = {

24,1%(t)] <
b2 (x2(8)) = {2,37 [x2(0)] > 1. 1
[ =02, [x()] <
$2(X2(t)) = {_0,37 X (8)] > 1.1.

Correspondingly, response system (4) with controller is written as
Y1(t) = =511 (O)Y1(£) + @1 1 (0)f 11 (1))
+ P11 (O 12(0) + b1 (1 ()8 (v, (t—&(1)))
+e12 (V1 (£)g (Y (£ — &(1))) + ka1 (£) (X1 () — ¥4 (1))
k12 (£)(x2(£) =¥, (1)) + 1y sign(wi (X1 () — 4 (1)) + W2 (%2 (1) — ¥,(1)))
w21 () (x1.(8) = Y1 (8)) + ka2 (8) (x2(£) = Y2 (£)) + 1y SigN(W1 (X1 () — ¥4 (£))
FWa (%2 (8) =y, ()] + 11
Ya(t) ==52(¥2()Y2(t) + @21 V2 () (V1 (1) + P22 V2 (1)) (V2 (1))
+21 (V2 (£)8(V1 (t —&(1))) + P2 (V2 (1) (Y2 (t — &(1))) + .

(®)
)—

Let the nonlinear activation functions f;(x) = g;(x) = sin(x),
i=1,2, time delay &(t) = (e(t) — 1)/(e(t) + 1), and external inputs
Iy =1, =0. It is easy to get that I, =a, =1,¢=1,2. By choosing

C(12),8 = ¢1 =016 = o —02,K — {? ﬂ,nl —
after a simple calculation, we obtain ¢ =3, =2.8 > =0.1 and
w11, +wan, =21 >y = 20.7, which verifies Theorem 1. In the fol-
lowing, MATLAB simulation will manifest the correctness of the
derived results.

Take the initial values of the systems x(t)=(-3,7)" and
y(t) = (0,-1.3)7, where t € [-1,0]. Fig. 3 presents the phase trajec-
tories of memristive neural network model and Fig. 4 shows the
change of a coefficient ¢, (x:(t)). The node trajectories of the drive
and response systems are illustrated by Figs. 5 and 6, from which
one can see that nodes x;(t) and x,(t) are not synchronized with
the corresponding nodes y, (t) and y,(t). Fig. 7 shows that the node
errors eq(t)ande;(t) do not approach to zero as time evolves, but
the weighted error sum, as shown in Fig. 8, clearly tends to zero,
which confirms the proposed results in Theorem 1.

Example 2. consider the memristive neural networks:

X1 (£) = =$1(X1()X1(6) + @1 (X1 (O)f (X1 (£)) + P15 (X1 () (X2())

11 (X1 ()& (X1 (E = &(L))) + P12 (X1 (£))g (X2 (t — &(1))) + 11
%a() = —5206(6) o (6) + 1 () (01 (0)

+ P2 (X2 (£)f (X2(£)) + P21 (X2 (£))8 (X1 (= &(1)))

+¢2 (%2(t))g (X2 (t — &(1))) +12

7

6L i

5| i

4t i

oL i

e i

ok i

S = o 0 1 2 3

x, (0

Fig. 3. Phase portrait of memristive neural network model.



C. Zhou et al. / Neurocomputing 403 (2020) 211-223
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Fig. 4. Memristive connection coefficient ¢, (x;(t)).

x 0

-4 L L L L L

0 5 10 15 20 25 30
time(sec)
Fig. 5. States of x; (t) and y, (t).
8
x,(0)
—»,

0 5 10 15 20 25 30
time(sec)

Fig. 6. States of x,(t) and y, (t).

where
s1(x1(t)):{17"‘1(t)| <11 {L\xz(t)\ <11

L@ >11 2RO = 0 0> 11

219

10
5
< o0
o
v -s)
-10
_15 ! ! ! ! !
0 5 10 15 20 25 30
time(sec)
Fig. 7. Errors e;(t) and e, (t) under the controller.
14
12} .
10 b
= sf ]
-
T o6 1
T4 1
2 -
0
-2 I I I I I
0 5 10 15 20 25 30
time(sec)
Fig. 8. Weighted error sum e, (t) + 2e,(t).
Jxi ()< 1.1 {3.1,|X1(t)|<1.l
X t)) =
Pulxl { |x1 =11 P2 OI=135 4 h1>11
2.55,|%(t)| < 1.1 “1.5, % (8)] < 1.1
X = X, (t)) =
P (k2 {26\)(2 m>11 P20 {—1.6,|x2(t)\>1.1
—6.1,|x1(b)] ~[5.15,x(8)]< 1.1
ona(t { 62\x1t\>11 Prats ())*{5.2,|x1(t)|>1.1

. <1. -2. < 1.
9 (X2 (1)) = {i? S gmn) = { Sl =

A x2(60)] > 1.1 —2.6,x2(t)] > 1.1.
In the following, the effectiveness of another proposed control
scheme will be proved. It is worth noting that to save control cost,
switching control matrix P remains invariant until something moti-
vational happens such as a big synchronization error. Thus, at first,
an experiment is given where P is invariant. Then, to verify anti-
interference ability of the control scheme, another simulation
experiment is given where an attack happens and P is adjusted to
ensure synchronization achievement.

At first, we choose and keep

"o o]
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Then, the response system (4) can be written as

Y1) ==s101(O)y1(6) + @111 (O)f 1 (1) + P12 1 (O)f (v2 (1))
+h11 (Y1 (1)W1 (E—&(t)))
+12(V1(8))8(Ya (t = &(1))) +1(E)k11 (£) (X1 (£) — ¥4 (8))
+1(6)k2 () (X2 () = Y, (£)) + G2 (6) ka1 (£) (X1 (£) = 4 (£))
ka2 (8) (X2(8) = Y2 (8)] + 11
Y2(t) = =52(¥2(0)y2(6) + o1 (V2 (D) V1 (8)) + @oa (¥ (0)f (V2 (1))
+¢21 (V2 ()81 (E—&(1))) + doa (V2 (1) (V2 (t — &(1))) + 2.

Consider time delay £(t) = e(t)/(1 + e(t)) < 1 and let the nonlin-
ear activation functions f(x) = g(x) = (sinx;, sinx;). We can derive

Lh=hb=a=1/¢(=1,...,n By
(=12.K= {2 4

choosing ¢=c,=0.1,

5 al it can be calculated that o = 6.35 > B =

0.05,0* + f=0.7> 0, = 0.85,y" =0.61,q" =7, =3.9,0 = 0.7,
¢=0.28,¢£=0.86, and these results guarantee the conditions in
Theorem 2. For convenience, choose fixed intermittent
control interval 7, —t,=3.9,t,1 —t,=4,(=1,2,3,.... Then, we
can compute hi =11.31,h, =0.07,h = 11.24, p = 0.30,

V2p/(1 —e M) +2¢=1.01.

With the initial values x(t) = (-1,2)" and y(t) = (0,-1.3)",

€[-1,0] , time trajectories of states of x(t) and y(t) can be
presented in Figs. 9 and 10, and from the figures, we can find that
the nodes x(t) and y(t) are not synchronized, which is also verified
by Fig. 11. But, as shown in Fig. 12, the drive-response systems
reach weighted sum quasi-synchronization and the error level is
less than our estimated value 1.01. It proves the results in Theo-
rem 2. It is worth noting that from Fig. 12, it can be seen that

6

* 0
51 — 0]
4H |

time(sec)

Fig. 9. States of x;(t) and y, (t).

-3 ! ! ! ! !
0 10 20 30 40 50 60

time(sec)

Fig. 10. States of x,(t) and y,(t).

6
4l
= 2
VN
S
=<
>
v o
-2
-4
time(sec)
Fig. 11. Errors e;(t) and e, (t) under the controller.
5
4l i
3 ,
=<
>
-
T o2 1
=<
>
-
1t i
0 L—/\/\NV\NV\IW\/\MN\/\M/W\MN
1 . . . . .

0 10 20 30 40 50 60
time(sec)

Fig. 12. Weighted error sum e (t) + 2e;(t).

although weighted error sum at the initial time is close to zero,
however, as time evolves, it will not tend to zero since some distur-
bances against synchronization will occur when memristive con-
nection coefficients of the systems change and become
mismatched.

In the following, to verify the effectiveness of the control
scheme in improving anti-interference ability, a case is considered
where the controller in the first node is attacked and paralyzed
from t = 10s, that is, u; = 0 for t > 10s in this case. If no operation
is performed, simulation result of weighted error sum is given in
Fig.13, from which, it is seen that the error magnitude significantly
increases with time from the attack moment. But, in the control

5
4F i
3t i
=
g 2 .
o
il i
ovaVWV\NW\/\NV\/\/V\NVVVVV\
i ‘ ‘ ‘ ‘ ‘

0 10 20 30 40 50 60
time(sec)

Fig. 13. The weighted error sums under the attack.
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Fig. 14. The weighted error sums after adding new controllers at the time t = 10s.
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Fig. 15. The weighted error sums after adding new controllers at the time ¢ = 35s.

scheme, P can be timely taken as {(1) ﬂ attime f = 10s to obtain a

new controller u, which is added to the second node and avoids
the similar attack on the first node. Obviously, this new controller
satisfies all conditions in Theorem 2 and can make the systems
continue to achieve weighted sum quasi-synchronization, which
is verified by simulation result in Fig. 14 where the error sum is
still small and close to the previous weighted error sum. Whereas
if we take t = 35s to adjust controller, the result in Fig. 15 shows
that weighted sum error is significantly reduced at the moment
of adding the new controller, which also shows the effectiveness
of our control scheme.

Remark 7. In the above simulation, for experiment comparison,
one controller is designed. Actually, other control schemes can be
also designed by choose proper values of p,,(t), and only if the
controllers satisfy the conditions in Theorem 2, the systems can
also achieve weighted sum quasi-synchronization.

Remark 8. Compared to the existing literatures which employ lin-
ear matrix inequalities (LMIs) to derive some synchronization con-
ditions, such as [58,59], our conditions are directly obtained from
the network parameters and can be verified more easily.

5. Conclusion

In this paper, different to current node-to-node synchronization
model, a new weighted sum synchronization of memristive neural

networks has been studied. And aimed at the proposed synchro-
nization model, two control methods are designed. First, in order
to achieve weighted sum complete synchronization, a state feed-
back controller is designed and based on Lyapunov function and
Halanary inequality, several sufficient conditions of weighted
sum complete synchronization have been derived. Then, a flexible
aperiodically intermittent control method is designed to investigat
weighted sum quasi-synchronization. Moreover, by introducing
some switching parameters, this method can improve the anti-
interference ability of control system, which is very important for
the network stability. Meanwhile, the sufficient conditions of
quasi-synchronization and the error level have also been pre-
sented. Finally, numerical simulations verify the theoretical analy-
sis precisely. In this paper, the new synchronization model is
achieved but with exponential synchronization rate. In practical
applications, there always exists a time-efficiency requirement
for synchronization implementation. Thus it will be very meaning-
ful to study finite-time and fixed-time synchronization problems
in our future works.
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