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(MCGNNSs) under stochastic parameter perturbations. It is demonstrated that stable equi-
librium points of MCGNNs can be flexibly located in the odd-sequence or even-sequence
regions. Some sufficient conditions are derived to ensure the exponential multistability
of MCGNNs under parameter perturbations. It is found that there exist at least (w + 2)'

Keywords:

Exponential multistability (or (w+1)!) exponentially stable equilibrium points in the odd-sequence (or the even-
Memristive Cohen-Grossberg neural sequence) regions. In the paper, two numerical examples are given to verify the correct-
network ness and effectiveness of the obtained results.

Stochastic parameter perturbation

Stable equilibrium point © 2020 Elsevier Inc. All rights reserved.

1. Introduction

In the past few decades, complex system including neural network (NN) has been widely investigated due to its
widespread application [1-14]. In [4], a set of new sufficient criteria were presented to ensure the stability and the ap-
pearance of Hopf bifurcation of fractional-order neural network with multiple delays. Xu and Zhang investigated exponen-
tial stability of antiperiodic solutions of a class of Cohen-Grossberg shunting inhibitory neural networks with time-varying
delays and impulses [G]. In [7], H-infinity filtering for discrete-time uncertain systems with quantized measurements and
packet dropouts was discussed. A state feedback controller was provided to render stochastic feedforward nonlinear systems
globally asymptotically stable [9]. Switching laws were designed to maintain the stability of delayed switched nonlinear sys-
tems with both stable and unstable modes [11]. In [12], a novel second-order sliding mode controller was designed subject
to an output constraint. Finite-time stabilization in probability was addressed for a class of high-order stochastic nonlinear
systems with output constraints [13]. Because of the nonvolatility of memristor, memristor-based circuits and applications
have attracted increasing attention [15-19]. By using memristor to emulate synapse, memristive neural network (MNN) can
be built [20-22]. Currently, MNN has been extensively applied in some fields such as logical operations and image process-
ing [21,22].

Multistability, an important dynamical characteristic of neural networks, has been extensively investigated in recent years
[23-41]. For example, Kaslik and Sivasundaram researched multistability of discrete-time Hopfield NNs with distributed de-
lays and impulses [25]. In [26], Chen et al. studied multistability of stochastic delayed Hopfield NNs by applying geometrical
configuration of activation function. Wang et al. [27] investigated multistability of almost-periodic solutions of delayed NNs
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considering two classes of activation function: one class of function is piecewise linear with two corner points and the other
class of function is continuously nondecreasing. In [28], Cheng et al. analysed multistability of delayed NNs considering a
typical class of activation function and piecewise linear activation function. In [29], Yang et al. researched multistability of
discrete-time delayed Cohen-Grossberg NNs with activation function possessing 2 and 2r corner points. In [30], Zeng et al.
addressed multistability of recurrent NNs with time-varying delays and piecewise linear activation function. The activation
function in [30] is divided into 4k — 1 intervals by 4k corner points, and (2k)" stable equilibrium points can be obtained. In
[31], the activation function is divided into 2m + 1 intervals by 2m corner points, and (m + 1)" stable equilibrium points can
be acquired by investigating multistability of recurrent NNs. It is worth noting that the activation function is symmetrical
about the origin [31]. In [32], local stability of multiple equilibria of NNs was addressed. The piecewise linear activation
function with 2r corner points is nondecreasing and (r + 1)" stable equilibria can be acquired [32]. Global stability of MNNs
with monotone nondecreasing activation function was discussed in [33]. Wu and Zhang analyzed multistability of delayed
MNNs with piecewise linear activation function possessing two corner points in [34]. In [35], Nie et al. researched stable
equilibria of MNNs with time-varying delay and piecewise linear activation function having 4 corner points. In [41], dy-
namical and static multisynchronization of coupled multistable neural networks was investigated, and every subnetwork
of coupled neural networks can acquire (r + 1)" locally exponentially stable periodic orbits or equilibrium points. In 1984,
Hopfield proposed a new class of neural network and pointed out that convergent flow to stable states is the essential fea-
ture of this content-addressable memory operation [42]. Moreover, if location of a stable point in state space is viewed as
the information of a particular memory, states near to the stable point contain partial information about that memory [42].
Therefore, as many stable equilibrium states as possible and flexible regions of stable equilibrium points are very necessary
for neural network systems in some applications [23-30,39,40,42], such as associative memory storage and image process-
ing. Generally, stable equilibrium points of MNNs locate in the odd-sequence regions in the existing results [27-32,34]. Thus,
it is very challenging and meaningful to generate a mass of stable equilibrium points and change flexibly their ranges.

Cohen-Grossberg neural network which takes some famous neural networks and systems such as Hopfield neural net-
works and Lotka-Volterra system as its special cases, was first proposed by Cohen and Grossberg [43,44]. In the past few
years, memristive Cohen-Grossberg neural network (MCGNNSs) and its dynamical characteristics have been widely investi-
gated [45-50]. In [45,46], the exponential synchronization issue of MCGNNs with delays was discussed. Using the fixed point
theorem, Nie et al. addressed the multistability topic of MCGNNs and obtained 3" exponentially stable equilibrium points
for n-dimensional MCGNNs with piecewise linear activation functions [47]. Multistability of MCGNNs with mixed delays was
discussed and multiple almost periodic solutions were obtained in [49]. In [50], global exponential stability of MCGNNs with
mixed delays and impulse perturbations was investigated. Due to dependence on state for parameters of MCGNNs and envi-
ronment disturbances, parameter perturbations exist inevitably in the systems in reality. Parameter perturbations may lead
to instability and some unpredictable influence for the systems. Therefore, the effect of parameter perturbations cannot be
ignored. In addition, time delays especially time-varying delays will inevitably occur in the signal transmission of neurons
because of the finite switching speed of amplifiers and neurons. In recent years, there are some researches on dynami-
cal characteristics of MNNs under parameter perturbations [51-54]. However, there is no work on multistability of delayed
MCGNNs with parameter perturbations. Achieving the multistability of memristive Cohen-Grossberg neural networks means
that multistability of multiple classes of neural networks can be obtained. When multistability is exponential, systems can
acquire fast convergence speed and good performance.

Inspired by the discussion above, this paper investigates the exponential multistability of MCGNNs with time-varying
delays and parameter perturbations. We summarize the main contributions as follows.

1) Considering some unpredictable factors of environment, this paper investigates the multistability of MCGNNs with
stochastic parameter perturbations for the first time.

2) Some sufficient conditions are presented to guarantee exponential multistability of MCGNNs with time-varying delays
and parameter perturbations.

3) The exponentially stable equilibrium points of MCGNN system can be flexibly located in the odd-sequence or the even-
sequence regions. And there exist at least (w + 2)! (or (w + 1)) exponentially stable equilibrium points in the odd-sequence
(or the even-sequence) regions. This means that the perturbed MCGNN system has potential application value in associative
memory storage and secure communication. Therefore, the obtained result can enlarge and strengthen the existing results.

The rest of the paper is organized as follows. In Section 2, MCGNNs with time-varying delays and parameter perturba-
tions are introduced. Some sufficient conditions are obtained to achieve exponential multistability of MCGNNs in Section 3.
Section 4 presents numerical simulations to verify the effectiveness of the obtained results. Finally, conclusions are given in
Section 5.

2. Preliminaries

We consider memristive Cohen-Grossberg neural networks (MCGNNs) with time-varying delays as follows.

1
Pm(t) = am(Pm (t)){_bmpm () + Zl Cmz(Pm (£)) f2(P2(t))
(1)
+ i Az (Pm () f2(pz(t — Tz (£))) + Im}, m=1,2,...,1,

z=1
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where pp(t) denotes the state of the mth neuron; ay(.) is amplification function; cy.(.) and dm,(.) represent memristive
connection weights; f;(.) is the activation function; t,(t) denotes time-varying delay and satisfies 0 < Tp,(t) < 7, where t
is a positive constant; I, is external input. We denote memristive connection weights as

(1)
Cmz+ |Pm(B)] < Xm,
Cmz(Pm () = { Cgéi), |p:(t)| > X::v

), |pm(®)] < Xm,
dinz (P (£)) { d’%zz)’ 1P (O)] > xom,
where cﬁ,}z) , c,fz) d,53; and d,%zz) are constants, xm > 0 is the switching jump.

We denote Cmz = max{lchy;|, [cfi) ]}, ém = max{ch), ¢}, Gme = min{cl) ), dme = max{ldiy| 1421}, dme =
max{d{), d?} and dpn; = min{d{}), d{?}.

Because of dependence on state for parameters of MCGNNs and environment disturbances, there unavoidably exist pa-
rameter perturbations in the systems in reality. Due to some unpredictable factors, parameter perturbations may randomly
change along with time, which is called stochastic parameter perturbations. In this paper, we consider the multistability of
MCGNNs with stochastic parameter perturbations. Accordingly, the MCGNN system with stochastic parameter perturbations
can be written as

!
Pm(t) = am(Pm (f)){—bmpm )+ ; [Cmz (Pm () + Acmz (0)]fz(p2(t))

(2)
!
+ 2 [dmz(pm(£)) + Adpz (6) 1z (P2 (t — Tz (£))) +Im}y m=1,2,....1,
z=1
where Acm,(t) and Ady,(t) are stochastic parameters.
For a given set y c M, co[y] represents the closure of the convex hull for set y. Thus, we can have
Gt Pn(©] < Xm.
co[Cmz (Pm (t))] = [Cmz: Cmzl,  |Pm(®)| = Xm
Cht 1Pm(©)] > Xom,
diy? s [P (O] < Xim,
co[dmz (pm (t))] = [dinz, Azl |Pm(©)] = Xm
diz) Pm(0)] > Xom-
According to the theory of differential inclusion [55], the MCGNN system (2) can be rewritten as
I
pm(t) € am(pm(t)){—bmpm(t) + 2 [colemz (pm(EN] + Acmz (£)] f(p2(t))
z=1
(3)

+ é[co{dmz(pm(t))] + Adpn (D) f2(p2(t — Tz (1)) + Im}a m=1,2,....,1,

or equivalently, by the measurable selection theorem in [55], there exist measurable functions ¢}, (pm(t)) € co[cmz(pm(£))],
Az (Pm(£)) € coldmz(pm(£))], such that

I
Pm(t) = am(Pm (t)){—bmpm () + Z][C:nz(pm () + Acmz ()] f2(p(t))
= (4)
i
+ ;[di%z(pm(t)) + Admz ()] fz(p2(t — Tmz(£))) +Im}, m=12,...1
We consider the initial condition of system Eq. (2) as

pm(s) =YV (s), s e[~7,0].

We set constants Q,Jn U,J,;, j=0,1,...,w, which satisfy the following condition
—oo<Q,?1<U,%<Q,}1<-~<Q,'%’<Un";’<+oo.
Denote

(~00, QA = (~00, QA" x (@D UY)° x --- x [U. +00)°.

(Q2,U%) = (—00,Q21° x (Q2, U x - x [UY, +00)°,
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[Unv“l’? +OO) = (—OO, Qr(r)l]o X (Q}?‘lﬂ Ur(])1)0 X X [Ur‘r/]vﬂ +OO)]’

Then %! is divided into (2w + 3)! parts, namely,

1 1 2
1_[1 (=00, QAI™ x (QQ, U™ x - x [UY, +00) " |(g}, €2, ..., £2¥+3)
m=

=(1,0,...,0)or(0,1,...,0)or...or(0,0,..., 1)}.

We choose two subsets ®; and ®, given by

! 2
- { [T (—00. QA1 x (QQ.US)” x U QAIT x -~ x (QU. UM)® x [U. +00)H"|
(el 82 ...,s,vgﬂ):(1,0,...,0)or(o,1,.,.,0)or...or(o,o,...,1)},

and

!
- { TT (=00, Q21° x (QQ, U%)*™ x [US, Q1% x - x (Q, UMY x [UY, +-00)0|
(el 82 . &m) =(1,0,...,0)0r(0, 1,....0)or...or(0.0,.... ) }.
The following assumptions will be used in this paper.

Assumption 1. Amplification function a;,(pm(t)) is continuous and bounded, namely, there exist two positive constants a(l)
and afnz), such that 0 < a,(nl) <am(x) < a,(nz) for Vx € .

Assumption 2. Parameter b, satisfies am(x)bym > 0, for Vx e ®, m=1,2,...,1L

Assumption 3. Activation function f;(.) is bounded and satisfies Lipschitz condition, which means there exist constants MZ“),
Mz(z), L;l), L§2) such that min {f;(s)} = Mz(l) and max {f;(s)} = Méz) for Vs € %, where Mz(l) < Méz), and |fz(7r1) — fz(mp)| <
L§1)|7r1 — 1| for any 74, m, € ©q, and |fz(7w3) — f2(14)| < L§2)|JT3 — 14| for any w3, w4 € O

Assumption 4. Stochastic parameter perturbations Acm(t) and Adm(t) are continuous and bounded, that is a(” <
Acmz(t) < a(z) and /3(1) < Adpg(t) < r(nzz) where oc,(;z), a,(nzz), ,sz) and /3,(,122) are constants. Moreover, there exists a con-
stant t, > 0, such that Acmz(t) = dmz, Admz(t) = Bmz, for Vt € [t},. +00), where constants om; € [ar(nlz),a,%)] and B,

c [IB(U ﬂ(Z)

We denote @m; = max{laD], [\2 |} and Bm, = max{| B\, 1821}

Definition 1. There exists a constant vector p* = (p¥, p¥, ..., pf)T. such that

am(pfn){ bmpm+zcmz(pm)fz(p )+dez(pm)fz(p )+Im} =0,

z=1 z=1
then p* = (p¥}. p%..... pf)T is an equilibrium point of MCGNN system (1), where Iy, is constant.
Remark 1. According to the Assumption 1, we can obtain that p* = (p¥, p%...., pf)T is an equilibrium point of the MCGNN

system (1) if the following condition

—mem + Zsz(Pm)fz(P )+ dez(pm)fz(p )+In=0

z=1 z=1

holds.

From Aassumptlon 1, there exists antiderivative of _ . Choose such an antiderivative r,(pm) which satisfies r, (0) =

(p

0. Then d m(Pm) = Using the derivative theorem for inverse function, the inverse function rm1 (xm) of rm(pm) is

a(p)

differentiable and dgm ol (Xm) = am(pm). where Xm = i (pm). Setting qm(t) = rm(pm(t)). then we can get G (t) = amlzgrif()[)),

where pm(t) = ;! (gm(t)). Substituting these equalities into system (3), we can obtain the MCGNN system with stochastic
parameter perturbations as follows

Gm(t) € —bmry! (qm () + Z [colcmz (1! (@m (D)))] + Acmz ()] f2(r; 1 (q2(t)))
2= (5)
+ Z[C()[dr11z(rr711 @m®)N]+ Admz(ﬂ]fz('?l (q:(t — tmz(£)))) +Im, m=1,2,.... L

z=1
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Lemma 1. [56]: If f;(£x;)=0,z=1,2,...,1, we have

|C0[sz(pm(t))]fz(pz(t)) CO[sz(pm)]fz(pz)i
= szLz|pz(t) | mz=12...1

and
|C0[dmz(pm(t))]fz(pz(t = Tmz (1)) — CO[sz(pfn)]fz(pf”
< dnel|po(t — T () ~ pE|, Mz=1.2...1
where L, = max{Lm L(z)}

Definition 2. The equilibrium point p* = (p¥, p%. ..., p/)T of MCGNN (2) is exponentially stable, if there exist positive
constants «, $, such that

lIp(t) — p*|| < ]| T — p*le~#*
holds for any t > 0, where p(t) = (p1(t). p2(t), ..., p;(t))T is the solution of the disturbed MCGNN system (2) with initial
value YO = (Y(V (), YV (5), ... TV ()T, s e [-7.0].

Definition 3. If there exist at least two different equilibrium points p* = (p¥.p%.....pf)T and p* = (py.p3.....pPT
for MCGNN (2) which satisfy definition 2 with the corresponding different initial conditions Y1) = (Tf”(s),Tz(])(s),

. S an = S), S)y-us S , then exponential multistability o can be achieved,
T ()T and T = (Y2 (s). T2 (5),.... T2 ()", th ial multistability of MCGNN (2) can be achieved
i.e,, the multistability of MCGNN (2) is exponential.

3. Multistability of perturbed memristive cohen-Grossberg neural networks

In this section, we will discuss the exponential multistability problem of the perturbed MCGNN systems (2).

Theorem 1. The perturbed MCGNN system (2) has at least (w + 2)! exponentially stable equilibrium points in %! and ®; is a
positive invariant set, if fm(&xm) = 0 and Assumption 1, 2, 3, 4 and the following conditions

Ky = _mem + max{cmmfm (Qm) Cmm fm (Qm)}

6
 max (o fn (@), @ fn (@)} + DY, + B2, + Iy < 0, (&)
Ky = —me] +mm{cmmfm(u ). Cmmfm(U] } )
+min{oi) fin (U, o2 fin (U} + TL + T2 + Iy > O,

1 1
bma(l) Z (€mz + &mz)LS)a;D - Z (dAmz + Bmz)Lgl)af) >0 (8)
z=1 z=1

hold, where

q)i]n: Z max{(cmz‘f‘a(]))Mél),(sz‘f’(x(Z))Mg),

z=1,z#m
(Cnz + a(]))M(z) (Cmz + a(Z))M§2)}’

Z max { (dmz + ,3(1))M§])7 (d-mz + ,Br(nzz))Mz(l)s
(s + B M, (dmz + B M},

Fh= 3 min{ @+ @M, Gn + 2N,

z=1,z#m
(Emz + @ IMP (Emz + i )MP ),
1 - -
= - min { (o + ADME, (s + P2 IM.
Z= -
(dmz + B IMP) (dmz + B2 IMP ).

Proof. 1) First, we take an arbitrary region ©; from ®; and define the following function.

hin (P (£)) = =bmPm () + [Chrn (Pm (€)) + ACmm (E) ] fin (Pm (£)) + Z [z (Pm (D))

z=1,z#m

1
+Acm (0)1f2(p2(t)) + ; [di, (P () + Admz ()] f2(P2(t = Tz (£))) + I, m=1,2,...,1,
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Denote t(® = max {tmz}. Then for t € [t©, +00), we can rewrite the function hpy(pm(t)) as follows.
1<m,z<l

hin (P () = =bimPm () + [Cin (Pm (£)) + Cmm ] fn (Pm (1)) + Z [Cz (Pm (1))

z=1,z#m

!
+atmz ] f-(p2(t)) + Z:l (A5, (Pm () + Bzl fz(pz(t — Tmz () +Im, m=1,2,...,1,
When pp(t) = % or pm(t) = U,’,;, we have

hn (Qh) = —bmQih + [l (Qh) + Otmm ] fin (Q2) + z (€5, (Q) + ams ] £ (p2(t))

z=1,z#m

+ Z [z (Qh) + Bzl f (P2 (t — Tz (6))) + I

=< mem"rmaX{Cmmfm(Qm) Cmmfm(Qm)}
+max{o i fn(Qh). i fin (Q)} + ©hy + D2, + I < 0,

and
) ) ) ) I )
hn(Us) = =bmUs, + [Cn (Un) + tmm fmUn) + Y (65, (UR) + e f2(p2(8))
z=1,z#m
I )
+> [d,’%z(U,!,,) + Bzl [ (P2 (€ — Tz (1)) + Iy
z=1 . . .

> —merJn + min{lfmmfm (U,%), Emmfm (Ur{1)}

+min{og) fin (UD), otin fn(UID} + Ty + T2 + I > 0,
j=0,1,...,w. Because of the continuity of h;;(z), there exists at least a point p,; € [U,{q, Q,{fl], such that hy (Ppm) = 0, where
j=0,1,...,w— 1. Moreover, combining with Assumption 1 and 2, we can obtain zlilp hm(z) = +oc0 and zliT hm(z) = —c0.

Thus, there exists at least a point fm € (—oo, Q%], such that hm(fm) = 0. And there exists at least a point pm € [UY, +00),
such that hy, (fm) = 0. As the subset ®; consists of (w+2)! parts, we can get that there exist at least (w + 2)! equilibrium
points for the perturbed MCGNN system (2) in 9.
2) We set that pp(t) is the solution of the perturbed MCGNN system (2) with initial condition T,ﬁ,”(s) € By, se[-1,0],
then we assert pp(t) € ® for any t > 0. If it is false, there exists ty > 0 so that pm(ty) = Q,]n Pm(O)]e=t, > 0 or pm(ty) =
Ui, Pm()le=t, < 0. In fact, when pp(ty) = Qm we have pp(t)|i—, < am(Qm)I(1 < 0. Moreover, we can obtain ppy (t)[e=¢, >

am (U,%)Kz > 0 when pn(ty) = Urfn. So, it is contradictory. Therefore, ®¢ is a positive invariant set.
3) Denote a function as follows

I I
K (V) = bkal(<1) V- Z (Ekz + &kz)L;])agD —e Z (dkz + ﬂkZ)Lgl)a§2)

z=1 z=1
it is clear that «;(0) > 0, and there exists a sufficiently small positive constant 8, such that k;(8) > 0, k=1,2,...,L

_ Let p(t) = (p1(t), p2(©), ..., p(6))T be the solution of the disturbed MCGNN system (2) with initial condition T,(,,”(s) €
©1 and gn(t) = gm(t) — g, where qm(t) = rm(pm(t)). ¢ = rm(p¥). By the set-valued maps theory, we can have

1
Em(t) € —balry! (qm(0) — 1! (gh)] + ; [co[Cimz (1! (@m (D)))] 4+ Acmz ()1 £2(r71(q2(t)))

1 1
- Z [CO[sz(rf] (qm))] + Acmz(t)]fz(’ﬁl (‘ﬁ)) + Z [Co[dmz(F] (G@m ()] + Adp (0)]

x f(r7 1(g(t — Tz (1)) — Z [CO[dmz(rq (qm))] + Admz(t)]fz(’ﬁ] (Q?)) m=1,2,...,1

=
From Lemma 1, we can obtain
|C0[sz(r H(@n(ON1f2(r;1(G2(1))) = colcme (ry (@) (r; ()|
< Gl [r; (a2 (0)) =11 (gF) | < EmeliV 0 g ()],
and
|coldmz (! (@m () ]2 (! (Gm (£ = Tz (£)))) — cO[Cmz (1 (@ N1 2 () |
< AoV 1! (G (8 = Tz (0))) = 171 (@) < LV Y @ (¢ = T (0)))].
Let X (t) = ePt|gn(t)| and ¢ = 1Trg§z{‘qm(0) - qm’} We can obtain x;,(0) < ¢ for any m=1,2, ..., 1. Then we will prove
the following inequality
xmt)<e,t>0m=1,2,...,L (9)
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Supposing (9) is invalid, then we can find a k € {1,2, ..., 1} and t; for the first time x; (t;) = ¢, X, (t;) > 0, x,(t) < ¢, t € [0,
t); () <6 tel0, ], j=1.2,....1j#k

dx, (t)
dt

= Bx(tr) + ePlisign(gi (1)) %

t=t t=ty

Because %r;ﬂ (Gm(t)) = am(pm(t)) > 0, we can obtain that

sign(gm (t1))[bmry' (Gm (t1)) — by (afy)]
= bin|15! (@ (t1)) — 121 (g

Then,
1
O] < Br(ty) + e {—bk|rk1 (qe(t) = (@] + x Gl a? g (1)
Z=

1 I . I .
+3 @l a? g ()] + Y dilVa® gt — T (0))] + Y Bl a® g (6 — r,<z(t1>)|}

z=1 z=1 z=1

st M a a1 Lis 2 \0,@
< Bt +efof (—bia) + X (e + @)L a? Jige(e)] + 3 (e + Bic )LVa? gt — o t1)
z=1 z=1

1 1 “ ~
< (B-bg + 2 e+ &,@L;“a;”)xk(tl) tefty (dkz + ﬂ,a)Lz(”a?)xk(tl — T (tr))
=

z=1
I ! - ~
= (B-ba + X G+ @LPa? +eb 3 (de + ﬂkz)LS)a?))
z=1 z=1

xmax15m51{|%(6) —qhl} <0
So, we can have

Xm(t) = €7 |qm(t) — gh| < |qm(0) — g,
then

eft # 1 #
55 |Pm(®©) = Pl < —5 [Pm(0) — P |.
am am
Accordingly, we obtain
# ag) # |, pt
|pm () = ph| < =2 | pm(0) — pi|e P
a'd

So,
Ip©) "] < Y —p* e

e
where o = max {%}
1<m<l Lay

Therefore, the equilibrium point p* = (p¥, p%..... pf)T of MCGNN (2) is exponentially stable. Further, the perturbed
MCGNN system (2) can have at least (w + 2)! exponentially stable equilibrium points in %'. The proof is finished. O

Remark 2. Multistability of system means that the system possesses multiple stable states, such as multiple stable equilib-
rium points [34-37] and multiple stable periodic orbits [38,41]. This paper mainly investigates multiple stable equilibrium
points of MCGNNs and further achieves that these equilibrium points are exponentially stable. The process of proof of
Theorem 1 (and Theorem 2) can be simplified as follows. Firstly, this MCGNN system acquires multiple equilibrium points
using fixed point theorem, which is represented in the step 1) of the proof for Theorem 1 (and Theorem 2). Then applying
contradictory method, a positive invariant set can be obtained, namely, these equilibrium points will locate in the posi-
tive invariant set all the while. This is shown in the step 2) of the proof for Theorem 1 (and Theorem 2). Finally, we use
set-valued maps theory and differential inequality method to prove that these equilibrium points are exponentially stable,
which is provided in the step 3) of the proof for Theorem 1 (and Theorem 2).

Remark 3. From the conditions of Theorem 1, assumptions 1-4 are needed, which seems conservative. However, these as-
sumptions are necessary and laconic. Firstly, amplification function a,(pm(t)) of assumption 1 is used to decide which region
stable equilibrium points locate in. When an,(pm(t)) is positive (or negative), stable equilibrium points locate in odd-sequence
(or even-sequence) regions. Moreover, to achieve that equilibrium points are exponential stable, namely, to achieve the step
3) of the proof for Theorem 1, Assumption 2 is applied. In addition, Assumption 3 on activation function is essential of
Lemma 1. Finally, due to instability being induced easily by parameter perturbations of network systems, Assumption 4 gives
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some constraint conditions of stochastic parameter perturbations to achieve the multistability of MCGNNs. The similar anal-
ysis for the assumptions of Theorem 2 and corollaries 1-2 can be obtained. Therefore, these assumptions in theorems and
corollaries are very necessary.

Remark 4. In [30-32,34,35,47], the multistability of system was realized under the strict condition that the activation func-
tion is piecewise linear. In this paper, this strict condition is discarded in the Theorem 1. Our analytical derivations in the
above and the first example to be presented in the following demonstrate the validity of our conditions. Therefore, compared
with these existing results, our result is less conservative.

We assume that activation function is piecewise linear which is represented as

My, se (-0, QY]

VS +Up,  Se(QY.UR)
vis+nd, selUl,Q}]

fin(s) = : : , (10)
YmS+upm,  s< Q. Up)
M7, se[Uy, +o0)

where v, ul, for j=0,1,...,w, v}, nf, for j=0,1,...,w—1, are constants; y;, >0, v}, <0; min{fn(s)} =M.}’ and

max{fim(s)} = anz). Then, we can have the following corollary.

Corollary 1. The perturbed MCGNN system (2) has at least (w + 2)! exponentially stable equilibrium points in %' and ©4 is a
positive invariant set, if fm(£xm) = 0, Assumptions 1, 2, 4 and the conditions (6), (7), and
I

1
bmag) - Z (Cmz + &mz)L,rznaXaf) - Z (dmz + Bmz)@“xa§2) >0, (11)
z=1 z=1
hold, where L3 = max{|v§)|, ’U} | ‘Ug"*1|}

If amplification function am(pm(t)) is negative, namely, it satisfies the condition of assumption 5, we can obtain Theorem 2.
Assumption 5. Amplification function apn(pm(t)) is continuous, and there exist two negative constants a,f’) and a,(,f), such
that aﬁ) <ap(x) < aﬁ,f) < 0 for Vx e 9.

Theorem 2. The perturbed MCGNN system (2) has at least (w+ 1)! exponentially stable equilibrium points in %! and ®, is a
positive invariant set, if fi(£xm) = 0, Assumptions 2-5, the conditions (6), (7), and

1 1
~bulafy + Y e+ @m0 + 3 (A + Bz ) L0 > 0 (12)
z=1 z=1

hold.

Proof. 1) First, we take an arbitrary region ®, from ©,.
Amplification function an(pm(t)) is negative in the light of the Assumption 5, so we can rewrite the perturbed MCGNN
system (2) as follows.

!
Pm(t) = —am(pm(t)) {bmpm ) - ; [z (Pm (1)) + Acmz (£)]fz(p2(t))

(13)
- é [di;qz(pm(t)) + Adm (0)]1f(p2(t — Tz ())) — Im}, m=1,2,...,1,
We define the following function.
Gm (pm(0)) = —hm (pm (t))
= bmf?m(t) =[G (Pm (®)) + Acmm ()] fm (Pm (L))
— > [ (pm(®) + Acm ()] f2(p.(t)) (14)

z=1,z#m
1
- ; [z (Pm () + Admz ()] fz (P2 (€ — Tz () —Im, m=1,2,....1,

Combining with —am (pm(t)) > 0, systems (14) and (2) have the same number of equilibrium points.
Denote t©® = max I{t,*;u}. Then for t € [t(®, +o0), we can rewrite the function Gm(pm(t)) as follows.

1<m,z<

Gm(Pm(t)) = —hm(Ppm(t)) = bmpm (t) — [Chp (P (£))
1
+otmm | fm (Pm () — X (€ (Pm (©)) + ot £ (P2 (E))

z=1,z#m

1
- ;[d&z(l’m(f)) + Bzl (P2 (t — Tz (£))) — Iy,
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When pn(t) = Q,§1 or pm(t) = Uj we have
Gm(Qm)——hm(Qm>—mem [Chm (Q&) + ]
x fm(Qh) — Z [ (Qh) + tme] f2 (P2 (£))

z=1,z#m

- Z [dmz(%) + Bzl f2(p2(t — Tz (£))) — Im

> mem max{cmmfm(Qm) Cmmfm(Qm)}
— max{at fin (Qh), i frn (Qi)}
—CD,]n —@%1 —Iy >0,
and
Gm(U3) = —hm(Uh) = bnU3, — (G (U) + ]

. I .
< fnUn) = 3 6 (Up) + otme] f2(p2 (1))

z=1,z#m
1 .
- Z [di;qz(uj ) + Bzl [ (P2 (t — Tz (1)) — Iy

<b U —mm{cmmfm(U ), Cmmfm(U])}
mm{oc,g,?1 n (Ui, o) fn (Ui }
—F%q — Frzn —In <0,

j=0,1,..., w. Using the continuity of Gp(z), there exists at least a point pp € [Q,{1, ug;], such that G (pm) =0, where j =
0.1,...,w. As the subset ®, consists of (w+ 1)! parts, we can obtain that there exist at least (w+ 1)! equilibrium points
for the perturbed MCGNN system (2) in 9%,

2) If pm(t) is the solution of the perturbed MCGNN system (2) with the corresponding initial condition T,g)(s) € 0,,
s e[—1,0], we can assert pp(t) € ®, for any t > 0. If it is false, there exists ty > 0 so that py(ty) = QL. Pm()|= o <
0 or pp(ty) = U,il, Pm(O)le=t, > 0, j€{0,1,...,w}. However, when pp(to) _Qm we have pm(t)[e=t, > am(Qm)( K;) > 0.

Similarly, we can obtain pm(t)|e=t, < —am(U,{I)(—I<2) < 0 when pp(ty) = U,{1. So, it is contradictory. Thus, ®, is a positive
invariant set.
3) Denote a function as follows

1
K (v) = —|belal® — v+ Z (e + QL0 +e7 Y (dkz + ﬂkz)Lzaé”,

z=1
it is clear that «(0) > 0, and there exists a sufficiently small positive constant g, such that «,(8) > 0, k=1,2,...,1L
Let p(t) = (p1(t), pa(t). ..., p;(t))T be the solution of the disturbed MCGNN system (2) with initial condition Y =

(V). YV (). ... YV ()T and gm(t) = qm(t) — gy, Where gm(t) = rm(pm(0)). gl = rm(plh).
From Lemma 1, we can obtain
|colcm (! (qm (ON (171 (q2(6))) — colcmz (1! (@ N1 (771 (6)))|
< Enel P11 (@:(0) — 171 (@1)| < ~Enel P 0 1gm (0],

and
|C0[dmz(f HqmON1f2 (! (@m (= Tz (6)))) — colcme (! (@)1 f2(r; ' (qF ))|
< Aol 131 (G (€ = Tz (0))) = 1571 (@] < el P a3 | g (t = T (1)),
Let x; (t) = ePt|gm(t)]| and ¢ = max {|am(0) — g |}. We can have x;(0) < ¢ for any m=1,2,.... L Then we will prove
=m<

the following inequality
Xm(t) <, t>0m=1,2,... L (15)

Supposing (15) is invalid, then we can find a ke {1,2,...,1} and t; for the first time x,(t;) = ¢, X, (t1) > 0, x,(t) < ¢,
tel0, ) x(t) <6, tel0, 1], j=1.2,....LLj#k

dxgtft) - ﬂxk(tl) + eﬂ“ﬂgn(gk(t])) dgk(t)
t=t, -

Because W%l (@m () = am(pm(t)) < 0, we have

—sign(gm (t1))[bmr},] (gm(t1)) — bmr;ql (Qﬁ)]
= bpsign(ry,! (qm(t1)) — 1 (@) [} (@m (61)) — 1731 (gf)]
= —|bml|r! (@ (t1))) — 17 (qF) |

|bm|a(4)|q:ﬂ(t1) - Qﬁ1|
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Then,
dxét([) < Bx(tr) + ePlr{—bysign(gi(t1))

t=t; —

1
(r (@) -1 (@) — > CeL? 0| ()]
=

1 1

2 2) (3 T 72,3

- Y Gl alg.(t)] - X dili af”
z=1

z=1

I .
Xlge(t1 — T () - 32 Bl a0 |g: () — rkz(rlm}
=

< (/3 +|belal® — i] (Ez + &kz)L§2>a§3>>xk<m
=
e % (e + B )P0 et~ )
=
< (B + bela® - i] (G + BP0
=
b 3 (de+ o120

z=1
xMax; mi{ |qm(0) — gh|} <0
So,
Xm (£) = eP'gm ()] < |qm(0) — qfy.
that is

eft 1
_F“jm(t) —phl < —W‘Pm(o) - Pm
m m
Accordingly, we obtain
# ai('r?) # | ,—Bt
|pm(t)_pm|fw‘pm(0)_pm‘e .
am

Thus,
[p@ = p*|| <o T — p*|lert

o®
where o = max {%}
1<m<l Lay

Therefore, the equilibrium point p* = (p¥, p%..... pf)T of MCGNN (2) is exponentially stable. Further, the perturbed
MCGNN system (2) can have at least (w+ 1)! exponentially stable equilibrium points in %!. The proof is finished.
If activation function is piecewise linear as in (10), we can have the following corollary. O

Corollary 2. The perturbed MCGNN system (2) has at least (w+ 1)! exponentially stable equilibrium points in %! and ©, is a
positive invariant set, if fm(&xm) = 0, assumptions 2, 4, 5 and the conditions (6), (7), and

I !
—|bmlay? + > @mz + @m0 + (cfmz + Bmz) Mg > 0 (16)
z=1 z=1
hold, where 1P = max {0, y}!..... y}'}.

Remark 5. In the past few years, the multistability problem of MNNs has been widely investigated. However, the ranges in
which stable equilibrium points of MNNs locate are limited to the odd-sequence regions (i.e. odd-sequence positive invari-
ant regions) [27-32,34]. In this paper, we investigate that these stable equilibrium points can locate in the even-sequence
regions (i.e. even-sequence positive invariant regions). Take a MCGNN system with p(t) = (p;(t), p>(t))T as an example. The
existing results showed that the ranges in which stable equilibrium points of MNNs locate are the odd-sequence rectangular
regions marked with yellow color in Fig. 1. In this paper, we have found that these stable equilibrium points can locate
in the even-sequence rectangular regions marked with red color in Fig. 1. More specifically, the odd-sequence rectangular
regions and even-sequence rectangular regions shown in Fig. 1 are represented as ®; and ®,, respectively.

=1
xoox (QW,UW)0 x [UY, +00)fn™|
(e, &2, ..., e"?)=(1,0,...,0)or
(0,1,...,0)or...or(0,0,...,1)},

0 = { [T (—o0, QI x (@3, US)” x [UZ, Q41
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p,(®)

Uy -
w -
2

w-1
U,

w—1

2

> pi(1)

o u o U

QIW Ulw,l Qlw—l U]W

1

Fig. 1. The rectangular regions in which stable equilibrium points of p(t) = (p;(t), p2(t))" locate. The odd-sequence rectangular regions are marked with
yellow color, and the even-sequence rectangular regions are marked with red color.. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

Table 1

Some comparisons with the previous works [34-37]..

Paper AF Number Region Anti-interference
[34] piecewise linear 2! odd-sequence No
[35] piecewise linear 3! odd-sequence No
[36] piecewise linear 3! odd-sequence No
[37] piecewise nonlinear 34 odd-sequence No
This paper  piecewise nonlinear w+2) or (w4 1)! odd-sequence or even-sequence  Yes

and

2
0, = { 1 (—o0, Q81 x (@2, U™ x [U3, QA °
m=1
x e x (QW, UW)ER™ x [UY, +00)°]
(e, &%, ..., em1)=(1,0,...,0)or
0,1,...,0)or...or(0,0,...,1)}.

Therefore, the obtained result is an important supplement to the previous research results, and extends the existing results
[27-32,34].

Remark 6. In this paper, some comparisons with the previous works [34-37] are given in Table 1. We make comparisons
from four aspects: activation function; the number of stable equilibrium points; regions of stable equilibrium points and
anti-interference performance. For convenience, activation function, the number of stable equilibrium points, regions of sta-
ble equilibrium points and anti-interference performance are simplified as AF, Number, Region and Anti-interference, respec-
tively. Then we can obtain the following advantages of multistability of MCGNNs with stochastic parameter perturbations:
1) The conditions for activation function of this paper are more flexible; 2) The MCGNN system possesses more equilib-
rium points; 3) The stable equilibrium points of MCGNNs can be flexibly located in the odd-sequence or the even-sequence
regions; 4) The obtained results are robust against perturbations.

Remark 7. Currently, some works on multistability of NNs including MCGNNs without the effects of parameter perturba-
tions have been investigated [23-40]. However, some unpredictable factors may lead to parameter perturbations randomly
changing along with time. What is more, parameter perturbations of NNs may lead to instability and some unpredictable in-
fluence for the systems. Therefore, the aim of this paper is to derive some sufficient conditions to guarantee the exponential
multistability of MCGNNs under stochastic parameter perturbations.

Remark 8. There exist three main technical difficulties to investigate the exponential multistability of MCGNNs with
stochastic parameter perturbations, which are presented as follows.
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1. It is complicated and inconvenient to analyze MCGNN system (3) due to the amplification function am(pm(t)). Moreover,
it is difficult to simplify system (3) into system (5). This paper uses derivative theorem of inverse function to eliminate the
amplification function am(pm(t)), such that MCGNN system (3) can be simplified into system (5).

2. It is very hard to give sufficient conditions of theorems and corollaries to achieve the exponential multistability of
MCGNN:S. Firstly, fixed point theorem is used to acquire multiple equilibrium points, for example, the steps 1) and 2) of the
proof of the Theorem 1. Then, set-valued maps theory and differential inequality method are applied to prove that these
equilibrium points are exponentially stable, for example, the step 3) of the proof of Theorem 1.

3. Stochastic parameter perturbations easily lead to instability of system and increase difficulty in giving sufficient condi-

tions for exponential multistability of MCGNNs. Therefore, we present Assumption 4 to solve the difficulty in Theorem 1 and
Theorem 2.

4. Numerical simulation

In this section, we provide two examples to verify the validity of the obtained results.
Example 1. Consider a MCGNN system with stochastic parameter perturbations as

Pm(t) = am(Ppm (t)){—bmpm () + i [Cmz(Pm(£)) + Acmz (O)]1fz(p2(t))
= 17)
+ X: [dinz (P (£)) + Adimz ()1 (p2(t — Tz (£))) +1m}7 m=1,2,

where a;(p1(t)) =1+ 0.03tanh(p;(t)), ay(p,(t)) = 1.01 + 0.01 tanh(p,(t)),

_ ] 442, I;p)] <36,
cu(pi(t)) = 458, |pi(t)| > 3.6,
_] 465 |p2(D)] <36,
C22(p2(t)) = 3.96, |p.(t)| > 3.6,

[ 002, |pi®)] <38,
da(P1©)=1 015 |p(t)] > 3.6,

0.16, [p2(t)]| < 3.6,

dy(p2(t)) = 0.21, |[p2(t)| > 3.6,

Cmz=0, dmz; =0, m # z; input I; =L =2, Tz (t) = 0.1, Acya(p1(t)) = Acyy(p2(t)) =0,
—-0.1+0.02t, t € [0, 8);

Acii(p1(t)) = { 0.06, t € [8, +00);

0.04+0015tanh(t —~6.6), ¢ € [0,6.6);
ACzZ(pZ(“):{ oot tee[é‘e +oZ>)'

Adpz(pm(t)) =0, by =2, m,z=1,2.
The activation function f;(r), z= 1, 2, is denoted by

—4+0.02sin(r+4), re (—oo,-4],

10(r + 3.6), re (-4, -3.6),
fz(r) = —%r— %, re[-3.6,3.4],

10(r — 3.6), re (34,4),

4, rel4, +00).

We can find f;(£3.6) =0, and L;” = % z=1,2. Through simple calculation, we can obtain that the conditions of
Theorem 1 are satisfied. Therefore, there exist at least 9 exponentially stable equilibrium points for the perturbed MCGNN
(17) in the ®% and ®7 is a positive invariant set, where

2 1 2
O = { T (=00, —4]" x (=4, —3.6)° x [=3.6, 3.4]" x (3.4,4)° x [4, +00)n|

m=1

(&h€h.€3) = (1,0,0)0r(0,1,0)0r(0,0,1)}.

The state trajectories of p;(t) and p,(t) of the perturbed MCGNN (17) are traced with 270 initial values located in the
©3, and the simulation results are shown in Fig. 2. From Fig. 2, there exist at least 9 exponentially stable equilibrium points
in the ®3, that is odd-sequence rectangular regions marked with yellow color. Figs. 3, 4, 5 shows the trajectories of p;(t)
and p,(t) along with time t.
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Fig. 2. The trajectories of p;(t) and p,(t) with positive an(pm(t)). There exist at least 9 exponentially stable equilibrium points in the odd-sequence rectan-
gular regions marked with yellow color.. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of

this article.)
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Fig. 3. The trajectories of p;(t) and p,(t) along with time t in Example 1. There exist at least 9 trajectories of p;(t) and p,(t) that converge to 9 stable
equilibrium points along with time t..

Example 2. Consider another MCGNN system with stochastic parameter perturbations as

P (t) = am(Pm (t)){—bm(pm(t)) + X: [Cmz(Pm(£)) + Acmz (£)]1f2(p2())

(18)
2
+ ; [dmz (Pm (£)) + Admz ()] fz(p2(t — Tz (1)) + Im}’ m=1,2,
where a;(pq(£)) = —1+0.03 tanh(p; (t)), ax(pa(t)) = —1.02 - 0.01 tanh(p (¢)),
_] 985 Im®)|=<07,
cu(pa(t)) = { 102, |p:(t)| > 0.7,

] 996, |px(t)] <0.7,
sz(Pz(f))—{ 10.12,  [p2(t)| > 0.7,
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Fig. 4. The trajectories of p;(t) along with time t in Example 1. There exist at least 3 trajectories of p;(t) that converge to 3 stable equilibrium states along
with time t..

15

0 2 4 6 8 10 12 14 16 18 20

Fig. 5. The trajectories of p,(t) along with time ¢ in Example 1. There exist at least 3 trajectories of p,(t) that converge to 3 stable equilibrium states along
with time t..

_[ 001 Ip©)] =07,
d“(pl(t))—{ 005  |pi()| =07

] 0.09, |[p2(t)] <0.7,
2 (p2(1)) = { 0.18.  |py(t)] > 0.7,
input I; =1 = 0.5, Tz (t) = 0.1, Aci2(p1(t)) = Acy (p2(t)) =0,
0.05 + 0.02sin (t — 6), t < [0, 6);

Ac"(pl(t)):{ 0.05, & [6, +00);

002+003exp(t—58). te[0,58):
Acx(p2 () = { 0.05p( ) tee[sl.s +o)o)'
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Fig. 6. The trajectories of p;(t) and p,(t) with negative a;(pm(t)). There exist at least 4 exponentially stable equilibrium points in the even-sequence
rectangular regions marked with red color.. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of
this article.)

Admz(pm(t)) =0, by = —10, m,z =1, 2. The activation function f;(r), z =1, 2, is denoted by

—-0.1+0.01sin(r+1), re (—oo,—1],

r+ %, re(=1,-0.1),
f()=1 -9r-0.7, re[-0.1,-0.05],
r-9 re (-0.05,1),

3 3
0.1 +0.01tanh(r—1), re[l,+o0).

We can find f;(4+0.7) =0, and L§2) = % z=1, 2. Then the conditions of Theorem 2 are satisfied by simple calculation.
Therefore, there exist at least 4 exponentially stable equilibrium points for the perturbed MCGNN (18) in the ®3 and ®; is
a positive invariant set, where

2
@ = { I (=00, —1]° x (=1, =0.1)*" x [~0.1, —0.05]°
m=1

x(=0.05, 1)%n x [1, +00)°| (e},, £2) = (1,0)0r(0, 1) }.

The state trajectories of p;(t) and p,(t) of the perturbed MCGNN (18) with 120 initial values located in the ©% are
shown in Fig. 6. From Fig. 6, there exist at least 4 exponentially stable equilibrium points in the ®3, that is even-sequence
rectangular regions marked with red color. Figs. 7, 8, 9 show the trajectories of p;(t) and p,(t) along with time t.

5. Conclusions

This paper has investigated the multistability issue of MCGNNs with parameter perturbations. Since some unpredictable
factors of environment may result in stochastic parameter perturbations for MCGNNs, we have considered the multistability
of MCGNNs with stochastic parameter perturbations. We have derived some sufficient conditions to achieve the exponential
multistability of MCGNNs under the stochastic parameter perturbations. It has been shown in this paper that the stable
equilibrium points of system can be flexibly located in the odd-sequence or the even-sequence regions. Therefore, the ob-
tained result has extended the existing results in [23-40].

There usually exist some perturbations or disturbances in the circuit implementation of memristive neural networks. In
this paper, multistability of MCGNN under stochastic parameter perturbations has been addressed. Actually, in the future
works, it is very challenge and meaningful to investigate stability or multistability of memristive neural networks under
some disturbances such as impulsive disturbance, uncertain disturbance. In addition, it would also be a very interesting
topic to study finite-time stability (or finite-time multistability) of MCGNNs with stochastic parameter perturbations in the
future.
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Fig. 7. The trajectories of p;(t) and p,(t) along with time t in Example 2. There exist at least 4 trajectories of p;(t) and p,(t) that converge to 4 stable
equilibrium points along with time t..
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Fig. 8. The trajectories of p;(t) along with time t in Example 2. There exist at least 2 trajectories of p;(t) that converge to 2 stable equilibrium states along
with time t..
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