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In this paper, a °ux-controlled memristor with linear memductance is proposed. Compared with

the memristor with piecewise linear memductance and the memristor with smooth continuous

nonlinearity memductance which are widely used in the study of memristive chaotic system, the

proposed memristor has simple mathematical model and is easy to implement. Multisim circuit
simulation and breadboard experiment are realized, and the memristor can exhibit a pinched

hysteresis loop in the voltage–current plane when driven by a periodic voltage. In addition, a

new hyper-chaotic system is presented in this paper by adding the proposed memristor into the
Lorenz system. The transient chaos and multiple attractors are observed in this memristive

system. The dynamical behaviors of the proposed system are analyzed by equilibria, Lyapunov

exponents, bifurcation diagram and phase portrait. Finally, an electronic circuit is designed to

implement the hyper-chaotic memristive system.

Keywords: Memristor; emulator; hyper-chaotic; electronic circuit.

1. Introduction

From the circuit-theoretic point of view, there are four fundamental circuit vari-

ables, namely, current i, the voltage v, charge q and °ux-linkage ’. Three rela-

tionships are given, respectively, by the axiomatic de¯nition of the three classical

circuit elements, namely, the resistor (de¯ned by a relationship between v and iÞ,
the inductor (de¯ned by a relationship between ’ and iÞ, and the capacitor (de¯ned

by a relationship between q and vÞ. In 1971, Chua1 postulated the existence of a

fourth basic two-terminal circuit element called the memristor, which de¯ned by a
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relationship between charge q and °ux-linkage ’. In 2008, Strukov and others in HP

lab2,3 using nanoscale technology ¯rstly fabricated a physical memristor, which is a

two-terminal electrical device based on TiO2 material. Thus, the memristor's place

as the fourth fundamental circuit element was cemented. Memristor, as the fourth

fundamental circuit element, with memory and nonlinear characteristics, has po-

tential application in those ¯elds: arti¯cial intelligence, nonvolatile impedance

memory, ¯eld programmable gate array, neural network and spin electronic

devices.4–10

In addition, memristor, which is a nonlinear element with small size and low

power consumption, is a good choice for the study of chaotic circuit. More and more

chaotic circuits based on memristor have been proposed12–25 since the ¯rst mem-

ristor-based chaotic circuit was proposed by Itoh and Chua11 in 2008. After reading

these literatures, we ¯nd that almost all memristive chaotic systems are based on the

memristor with piecewise linear memductance12–18 or based on the memristor with

smooth continuous nonlinearity memductance.19–25 Is there any other simple choice

to study memristive chaotic circuit?

In this paper, a °ux-controlled memristor with linear memductance is

proposed and then an emulator is presented. The memristor with linear mem-

ductance,which makes the memristor's mathematical model more simple and easy

to implement,is di®erent from those above mentioned.12–25 We use only one

Multiplier and two Op-amps in the emulator which has lesser elements than the

emulators.17–25

By using the memristor proposed in this paper, we proposed a new 4D hyper-

chaotic circuit. Hyper-chaotic system has more complex dynamics, which can be

widely applied in many realms such as cryptosystem, neural network, and secure

communication. However, the memristive systems are all chaotic.12–23 Although the

hyper-chaotic systems are proposed in Refs. 24 and 25, the memductance function of

these memristive systems is two-order function. It is interesting to generate hyper-

chaotic attractor by using simple linear memductance.

Multiple attractors are an interesting topic, which are reported by many

researchers.29,30 The various coexisting attractors can have quite di®erent

properties such as Lyapunov exponents, and the occurrences in all combinations:

¯xed points, limit cycles, torus, chaotic attractors, and hyperchaotic attractors.29 In

this paper, we found the coexisting transient chaotic attractors and chaotic

attractors.

This paper is organized as follows. In Sec. 2, a memristor with linear memduc-

tance is proposed, and an emulator built from o®-the-shelf solid state components

which imitates the behavior of the proposed memristor presented. In Sec. 3, the

hyper-chaotic circuit is described and the hyper-chaotic dynamics are con¯rmed by

numerical computation. In Sec. 4, multiple chaotic attractors and transient chaotic

attractors are discussed. In Sec. 5, an electronic circuit is designed to implement the

hyper-chaotic circuit. Finally, the conclusions are given in Sec. 6.
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2. The Flux-Controlled Memristor with Linear Memductance

and Emulator

Memristor is the fourth basic two-terminal circuit element besides resistor, inductor,

and capacitor, which describes the relationship between the charge q and the °ux-

linkage ’. According to Chua,1 a °ux-controlled memristor is de¯ned by the relation

of the type gð’; qÞ ¼ 0 and this relation can be expressed as a single-valued function

of the °ux-linkage ’. The current of a °ux-controlled memristor is given by

i ¼ W ð’Þv ; ð1Þ
where W ð’Þ ¼ dqð’Þ=d’. The function W ð’Þ is called the memductance.

Now, we de¯ne a °ux-controlled memristor as

qð’Þ ¼ a’2 ; ð2Þ
where a > 0. According to Eq. (2), we get the memductance

W ð’Þ ¼ dqð’Þ
d’

¼ �’ ; ð3Þ

where � ¼ 2a > 0. The current of this memristor is given by

i ¼ W ð’Þv ¼ �’v : ð4Þ
The instantaneous power dissipated by the memristor is given by

p ¼ vi ¼ W ð’Þv2 : ð5Þ
If the memductance W ð’Þ � 0, then p � 0, the memristor is obviously passive.

In comparison with the memristors presented in the papers,11–23,25,26 our proposed

memductance W ð’Þ ¼ �’ only contains a linear term and no constant term. The

intention is to make the mathematical model more simple and make the emulator

easier to be implemented.

The emulator schematic is depicted in Fig. 1.

With the properties of Op-amp TL082, Multiplier AD633 and Current Feedback

Operational Ampli¯er AD844 (refer to the datasheet for further information), we can

Fig. 1. Schematic of the emulator.
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see that U4 is the current-inverter that implements

iM ¼ iZ ¼ �i2 ¼ � v3
R2

: ð6Þ

Multiplier U3 implements

v3 ¼ v2v1 : ð7Þ
Op-amp U2 implements

v2 ¼ �
Z

v1
R1C

dt : ð8Þ

Op-amp U1 implements

v1 ¼ vM : ð9Þ

10f kHz

(a)

50f kHz

(b)

(c) (d)

Fig. 2. The i� v characteristics of the proposed memristor. The excited signal is a sinusoid voltage with

1.5V amplitude. (a) and (b) are the Multisim circuit simulations with a frequency of 10 kHz and 50 kHz.

(c) and (d) are the corresponding circuit experiment results. Note that from Eq. (6), we known

iM ¼ �v3/R2. In order to conveniently measure the current iM , we use the voltage v3 substitute the
current iM , which just take a transformation of 1/R2 scale.
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From Eqs. (6)–(8), we can get

iM ¼ v1
R1R2C

Z
v1dt : ð10Þ

From Eqs. (9) and (10), It is easy to obtain

iM ¼ vM
R1R2C

Z
vMdt : ð11Þ

Now, consider the above proposed memristor in Eq. (4). We have i ¼ iM , v ¼ vM ,

’ ¼ R
vM dt (the internal state of the memristor), � ¼ 1/R1R2C. It can be seen that

the circuit indeed realizes the above proposed memristor. And we use the Current

Feedback Operational Ampli¯er AD844 to realize the current-inverter, which makes

the design more easy and more direct. Moreover, in the design of emulator, we only

use one Multiplier, which makes the design method simpler than others proposed by

papers.17–23

When R1 ¼ 10 k, R2 ¼ 1 k, C ¼ 40 nF, the circuit experiment results of iM � vM
relationship as shown in Figs. 2(c) and 2(d) are well consistent with the results of the

Multisim simulation shown in Figs. 2(a) and 2(b). From the simulations and ex-

periment results, we found that our proposed memristor emulator has a higher

frequency range than the reported are.26–28

3. The Hyper-Chaotic Circuit Based on Flux-Controlled Memristor

with Linear Memductance

Lorenz system is the ¯rst chaotic system, which was proposed by Edward Lorenz in

1963. The Lorenz system is a system with three ordinary di®erential equations

x
: ¼ aðy� xÞ ;
y
: ¼ cx� y� xz ;

z
: ¼ �bzþ xy :

8><
>: ð12Þ

When the system parameters are taken as a ¼ 10, b ¼ 8=3, and c ¼ 30, the system

exhibits chaotic behavior. The phase portraits of Lorenz system are shown in Fig. 3

(the initial condition xð0Þ ¼ 0:1, yð0Þ ¼ 0:1, zð0Þ ¼ 0:1).

By adding the proposed memristor to Lorenz system, a four-dimensional hyper-

chaotic system is designed. The schematic is shown in Fig. 4.

The dynamic equations of the circuit in Fig. 4 are

Cxx
: ¼ y=R1 � x=R2 ;

Cyy
: ¼ x=R3 � y=R5 � xz=R4 �W ð’Þx ;

Czz
: ¼ �z=R11 þ xy=R10 ;

’
: ¼ x :

8>>><
>>>:

ð13Þ

The Design and Realization of a Hyper-Chaotic Circuit
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Fig. 3. Phase portraits of Lorenz system. (a) Projection on x–y plane. (b) Projection on x–z plane.

(c) Projection on y–z plane. (d) Time-domain waveform of variable x.
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Fig. 4. Schematic of a hyper-chaotic circuit based on the proposed memristor.

C. Wang, L. Zhou & R. Wu

1850038-6



We have

a ¼ 1=ðR1CxÞ ¼ 1ðR2CxÞ; b ¼ 1=ðR11CzÞ; c ¼ 1=ðR3CyÞ;R5Cy ¼ R4Cy ¼ R10Cz ¼ 1

Equation (13) can be described as the following dimensionless equations:

x
: ¼ aðy� xÞ ;
y
: ¼ cx� y� xz�W ð’Þx ;
z
: ¼ �bzþ xy ;

’
: ¼ x ;

8>>><
>>>:

ð14Þ

where the memductance function Wð’Þ ¼ �’. We have a ¼ 10, b ¼ 8=3, c ¼ 30,

� ¼ 0:5. The divergence of system (14) is given by

rV ¼ @x
:

@x
þ @y

:

@y
þ @z

:

@z
þ @’

:

@’
¼ �a� 1� b :

Since a ¼ 10, b ¼ 8=3, �a� 1� b ¼ �13:67 < 0, the system (14) is dissipative.

3.1. Equilibria and stability

The equilibria of system (14) can be derived by solving the following equations:

aðy� xÞ ¼ 0 ;

cx� y� xz�W ð’Þx ¼ 0 ;

�bzþ xy ¼ 0 ;

x ¼ 0 :

8>>><
>>>:

ð15Þ

As can be seen, the equilibrium states of system (14) only rely on x, y and z, and are

independent from ’. The hyper-chaotic system has the unusual feature of having a

line of equilibrium. The equilibria of system (14) can be described as

O ¼ fðx; y; z; ’Þjx ¼ y ¼ z ¼ 0; ’ ¼ dg :

The Jacobian matrix of system (14) on this line equilibrium is

JO ¼
�a a 0 0

c� �d �1 0 0

0 0 �b 0

1 0 0 0

2
6664

3
7775 : ð16Þ

The four eigenvalues of matrix J0 are

0;�b; ð�ðaþ 1Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða� 1Þ2 � 4að�d� cÞ

p
Þ=2 :

The Design and Realization of a Hyper-Chaotic Circuit
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If a ¼ 10, b ¼ 8=3, c ¼ 30, � ¼ 0:5, the four eigenvalues are

�1 ¼ 0; �2 ¼ �8=3; �3 ¼ ð�11þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1281� 20d

p
Þ=2;

�4 ¼ ð�11�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1281� 20d

p
Þ=2 :

When d > 58, �3 > 0, �4 < 0, there are one positive eigenvalue, one zero eigenvalue

and two negative eigenvalues, and the line equilibrium of system (14) is unstable

saddle points. When d < 58, �3 < 0, �4 < 0, there are one zero eigenvalue and three

negative eigenvalues, and the line equilibrium of system (14) is stable. Since there is

no imaginary eigenvalue in J0, a Hopf bifurcation does not exist near the line equi-

librium of system (14).

3.2. Lyapunov spectrum and bifurcation diagram

To explore the nonlinear dynamics of this hyper-chaotic circuit, the Lyapunov

spectrum and bifurcation diagram of the system (14) are calculated in this section.

When a ¼ 10, b ¼ 8=3, c ¼ 30, and � increases from 0 to 0.8 with a step size 0.01, the

corresponding Lyapunov exponents of the system (14) can be computed by the

QR decomposition-based method,28 as shown in Fig. 5. Note that when � ¼ 0:5,

Fig. 5. Lyapunov exponents versus parameter � of system (14) calculated by QR decomposition-
based method.
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Fig. 6. Hyper-chaotic phase portraits of system (14) with parameter � ¼ 0:5. (a) Projection on x–y plane.

(b) Projection on x–z plane. (c) Projection on y–z plane. (d) Projection on y–’ plane.

Fig. 7. Bifurcation diagram for increasing parameter �.
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the corresponding Lyapunov exponents are: LE1 ¼ 1:501, LE2 ¼ 0:0318, LE3 ¼
0:0014, LE4 ¼ �14:7. There are two positives, one zero and one negative Lyapunov

exponents, which means the system is a hyper-chaotic system. The phase portrait for

� ¼ 0:5 with initial condition (0.1, 0.1, 0.1, 0.1) is depicted in Fig. 6. In order to be

sure that the system is truly hyper-chaotic when � ¼ 0:5, we compute the Lyapunov

exponents with the Wolf method29 which coincide well with the results of QR de-

composition-based method. The bifurcation diagram of state variable � with increase

of � with a step size 0.01 is given in Fig. 7, which matches the Lyapunov exponents in

Fig. 5 very well. The above analysis suggests that the adding of memristor makes the

system demonstrate abundant interesting nonlinear phenomena. The memristive

hyper-chaotic system with a line of equilibrium could be a novel type of dynamical

system.

4. Multiple Attractors

In the following, we take account of the in°uence of parameter a. The parameters are

taken as b ¼ 8=3, c ¼ 30, and � ¼ 0:5, and the parameter a is variable. The complex

dynamics (chaotic attractors, transient chaotic attractors, hyperchaotic attractors,

multiple attractors) are found in this case, and the LEs versus parameter a of system

(14) are depicted in Fig. 9.

The coexistence of multiple attractors is one of the most striking phenomena

encountered in nonlinear dynamical systems. If the parameters are taken as a ¼ 13:9,

b ¼ 8=3, c ¼ 30, and � ¼0.5, the multiple attractors can be observed as shown Fig. 8.

In order to verify the coexistence of multiple attractors, the time sequences (Fig. 10)

and LEs (Fig. 11) are calculated.
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Fig. 8. LEs versus parameter a of system (14).
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From Figs. 10 and 11, it can observe that the transient chaos appears when the

initial condition is [0.1 0.1 0.1 0.1], while chaotic attractor is found in the initial

condition [0.1 1 0.1 0.1].

When a is changing, we can ¯nd di®erent attractors when the parameter a is 4.

The LEs are 0.102207,�0:017539,�2:494561, and�5:252756. The phase portraits of

system (14) are depicted in Fig. 12.
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Fig. 9. The phase portraits of system (14) when the parameters are taken as a ¼ 13:9, b ¼ 8=3, c ¼ 30,

and � ¼ 0:5 under di®erent initial condition: the initial condition is [0.1 0.1 0.1 0.1] (blue), the initial

condition is [0.1 1 0.1 0.1] (red) (color online).
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Fig. 10. The time sequences of system (14) when the parameters are taken as a ¼ 13:9, b ¼ 8=3, c ¼ 30,

and � ¼ 0:5 under di®erent initial condition: (a) the initial condition is [0.1 0.1 0.1 0.1], (b) the initial
condition is [0.1 1 0.1 0.1].
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5. Circuit Implementation

It is important to realize the hyper-chaotic systems by the physical circuit before the

hyper-chaotic systems are applied in engineering applications. In this section, the

memristive hyper-chaotic system (14) is realized by an electronic circuit shown in

Fig. 13. The voltages of Cx;Cy;Cz; and C’ are used as x, yand z, and ’, respectively.

The operational ampli¯ers TL082 and the associated circuits perform the basic
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Fig. 11. The LEs of system (14) versus time t when the parameters are taken as a ¼ 13:9, b ¼ 8=3, c ¼ 30,

and � ¼ 0:5 under di®erent initial condition: (a) the initial condition is [0.1 0.1 0.1 0.1], (b) the initial

condition is [0.1 1 0.1 0.1].
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Fig. 12. The phase portraits of system (14) when the parameters are taken as a ¼ 4, b ¼ 8=3, c ¼ 30,

and � ¼ 0:5.
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operations of addition, subtraction and integration. Multiplication operation is

performed by the analog multiplier AD633. Since AD633 provides an overall scale

factor of 1/10V, a factor 0.1/V needs to be put on each multiplication. At the same

time, AD633JN has laser-trimmed accuracy between �10V and 10V. However, the

values of x, y and z, and ’ in Fig. 6 may exceed this range. We must have a

(a) (b)

Fig. 14. Phase portraits of system (14) observed from Multisimsimulation. (a) Projection on x–y plane.

(b) Projection on x–z plane. (c) Projection on y–z plane. (d) Projection on y–’ plane.
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Fig. 13. Circuit diagram for system (14).
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(c) (d)

Fig. 14. (Continued )

(a) (b)

(c) (d)

Fig. 15. Phase portraits of system (14) observed from oscilloscope. (a) Projection on x–y plane. (b)
Projection on x–z plane. (c) Projection on y–z plane. (d) Projection on y–’ plane.
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scale transform. The corresponding circuit equation can be described as

v
:
x ¼ 1

Cx

vy
R1

� vx
R2

� �
;

v
:
y ¼

1

Cy

vx
R3

� vy
R5

� vxvz
R4

� vxW ð’Þ
R13

� �
;

v
:
z ¼

1

Cz

� vz
R11

þ vxvy
R10

� �
;

v
:
’ ¼ 1

R12C’

vx :

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð17Þ

When Cx ¼ Cy ¼ Cz ¼ C’ ¼ 10 nF, R1 ¼ R2 ¼ 100 k, R6 ¼ R7 ¼ R8 ¼ R9 ¼ 10 k,

R11 ¼ R12 ¼ 125 k, R3 ¼ 33:333 k, R5 ¼ 500 k, R4 ¼ R10 ¼ R13 ¼ 20 k, the results of

the circuit experiment are shown in Fig. 10, which are well consistent with the results

of the numerical simulations shown in Fig. 6 and the Multisim simulations shown in

Fig. 14. The experimental results in Fig. 15 have veri¯ed that the main idea about

the memristive hyper-chaotic circuit of this paper is e®ective.

6. Conclusion

In this paper, a new simple memristor model was proposed. Then a hyper-chaotic

system was proposed by adding a °ux-controlled memristor with liner memductance.

The 4D memristive system can generate a hyper-chaotic attractor, transient chaotic

attractor, multiple attractors. Some basic properties of the new system have been

investigated in terms of equilibria, hyper-chaotic attractors, Lyapunov exponent

spectrum and bifurcation diagram. The results of experiment are well consistent with

the numerical simulation results. The hyper-chaotic circuit based on memristor with

linear memductance has simple circuit structure and easy implement, which can

widely be used in chaotic secure communication, image encryption and other ¯elds.
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