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Based on the study on Jerk chaotic system, a multiscroll hyperchaotic system with hidden
attractors is proposed in this paper, which has infinite number of equilibriums. The chaotic
system can generate N+M+2 scroll hyperchaotic hidden attractors. The dynamic characteristics
of the multiscroll hyperchaotic system with hidden attractors are analyzed by means of dynamic
analysis methods such as Lyapunov exponents and bifurcation diagram. In addition, we have
studied the synchronization of the system by applying an adaptive control method. The hardware
experiment of the proposed multiscroll hyperchaotic system with hidden attractors is carried out
using discrete components. The hardware experimental results are consistent with the numerical
simulation results of MATLAB and the theoretical analysis results.

Keywords : Multiscroll; hyperchaotic; hidden attractor; adaptive synchronization; hardware
experiment.

1. Introduction

In the past, chaos has been widely studied for its
complex and interesting nonlinear dynamic behav-
iors [Lorenz, 1963; Chua et al., 1986; Sprott, 2000].
Chaos has been proved to be applicable to various
fields, such as neural networks [Swathy & Thamil-
maran, 2014], image encryption [Boriga et al., 2014;
Wang & Zhang, 2016; Zhou et al., 2018a] and secure
communication [Filali et al., 2014; Wu et al., 2015].

In order to increase the dynamic complexity of
chaotic system and better apply it to related fields,
the related researchers have constructed a variety of
complex chaotic systems [Pham et al., 2015; Zhang
et al., 2018; Bao et al., 2018]. The multiscroll and
multiwing hyperchaotic systems have been studied
extensively because of their complex dynamic char-
acteristics [Wang et al., 2017a; Wang et al., 2017c;
Bao et al., 2017; Zhang & Wang, 2019; Zhou et al.,
2016, 2017].

From the perspective of calculation, attractors
in chaotic systems can be divided into two types:
self-excited attractors and hidden attractors
[Leonov & Kuznetsov, 2013]. The chaotic system
with hidden attractors was first found and analyzed
in [Leonov et al., 2011]. The general definition of
chaotic system with hidden attractors is that the
hidden attractor has a basin of attraction that does
not intersect with neighborhoods of equilibriums
[Leonov et al., 2011, 2012; Leonov & Kuznetsov,
2013; Leonov et al., 2014]. According to the number
and type of equilibriums, the chaotic system with
hidden attractors includes three main types: hid-
den attractor with only stable equilibrium, hidden
attractor without equilibrium, and hidden attrac-
tor with infinite number of equilibriums [Pham
et al., 2017a]. The chaotic systems with only stable
equilibrium were proposed in [Molaie et al., 2013;
Wang & Chen, 2012] and [Wang et al., 2017b],
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where 23 chaotic systems with only stable equilib-
rium were found in [Molaie et al., 2013], aided by
computer search algorithms. Similarly, using com-
puter search algorithms, 17 chaotic systems with-
out equilibrium were discovered [Jafari et al., 2013].
Some other diverse chaotic or hyperchaotic sys-
tems without equilibrium were reported in [Borah &
Roy, 2017; Pham et al., 2017b; Wang & Chen,
2012; Wang et al., 2012; Khan & Shikha, 2018;
Singh & Roy, 2018; Hu et al., 2016; Hu et al.,
2017; Escalante-Gonzalez et al., 2017]. Accord-
ing to the published literatures, the chaotic or
hyperchaotic systems with infinite number of equi-
libriums include the following types (including
but not limited to): the equilibriums linearly dis-
tributed [Zhou et al., 2013; Jafari & Sprott, 2013;
Zhou & Yang, 2013]; circularly distributed [Got-
thans & Petrzela, 2015]; squarely distributed [Got-
thans et al., 2016]; elliptically distributed [Pham
et al., 2016a] and curvilinear distributed [Chen &
Yang, 2015; Pham et al., 2016b].

On the whole, in the literatures that have been
reported, the chaotic systems with hidden attrac-
tors that can generate any number of scrolls are
not hyperchaotic, whereas the hyperchaotic systems
with hidden attractors cannot generate any number
of scrolls. So far, no literature has reported a multi-
scroll hyperchaotic system with hidden attractors,
and the reported multiscroll chaotic systems with
hidden attractors have the disadvantage of being
unfavorable to circuit implementation.

Compared with general chaotic systems with
hidden attractors, multiscroll hyperchaotic systems
with hidden attractors have more complex dynamic
characteristics, so they are more suitable for the
application of chaotic secure communication and
chaotic image encryption, etc. However, it is hard
to obtain multiscroll hyperchaotic systems with
hidden attractors by using the general method
of constructing multiscroll chaotic systems. There-
fore, researching how to construct multiscroll hyper-
chaotic systems with hidden attractors can not only
enrich the types of chaotic systems used in chaotic
secure communication, chaotic image encryption
and other applications, but can also further pro-
mote the researchers’ understanding of chaotic sys-
tems with hidden attractors. It is still necessary to
study how to use the existing chaotic systems to
obtain multiscroll hyperchaotic systems with hid-
den attractors that are easy to be implemented
by circuits. Therefore, it is of great significance to

study multiscroll hyperchaotic systems with hidden
attractors and this paper is carrying out the related
research.

The next section describes the mathematical
model of the new multiscroll hyperchaotic system
with hidden attractors. The dynamic characteristics
and the synchronization example of the system are
studied in Sec. 3. We conduct the hardware circuit
design and show the experimental results in Sec. 4.
Section 5 reports the comparison of relevant litera-
tures. Finally, the conclusion of the overall study is
given in the last section.

2. Multiscroll Hyperchaotic System
with Hidden Attractors

On the basis of Jerk system [Sprott, 2000], we pro-
pose a multiscroll hyperchaotic system with hidden
attractors and its state equation is



dx

dτ
= y,

dy

dτ
= z − αyzw,

dz

dτ
= −x − y − βz + f(x,M,N),

dw

dτ
= y + z,

(1)

where α, β are two constant coefficients of the sys-
tem state equation, f(x,M,N) is a step sequence
with the middle point of its vertical edge located at
the origin of the coordinate axis, and

f(x,M,N)

= 0.5 sgn(x) + 0.5
N∑

n=1

[sgn(x − n) + 1]

+ 0.5
M∑

m=1

[sgn(x + m) − 1]

= 0.5

(
N − M + sgn(x) +

N∑
n=1

sgn(x − n)

+
M∑

m=1

sgn(x + m)

)
. (2)

1950117-2

In
t. 

J.
 B

if
ur

ca
tio

n 
C

ha
os

 2
01

9.
29

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 U
N

IV
E

R
SI

T
Y

 O
F 

M
IC

H
IG

A
N

 F
L

IN
T

 o
n 

08
/3

1/
19

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



August 21, 2019 12:7 WSPC/S0218-1274 1950117

Multiscroll Hyperchaotic System with Hidden Attractors

−2 −1 0 1 2
−1

−0.5

0

0.5

1

x

y

−2 −1 0 1 2
−1

−0.5

0

0.5

1

x

z

−2 −1 0 1 2
−2

−1

0

1

2

x

w

(a) (b) (c)

Fig. 1. Phase portraits of 2-scroll hyperchaotic hidden attractors in (a) x–y, (b) x–z and (c) x–w plane. The parameters are
set as: α = 0.01, β = 0.62, N = M = 0.
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Fig. 2. Phase portraits of 3-scroll hyperchaotic hidden attractors in (a) x–y, (b) x–z and (c) x–w plane. The parameters are
set as: α = 0.01, β = 0.62, N = 0, M = 1.

If the appropriate values of α and β are
selected, system (1) will generate N + M + 2 scroll
hyperchaotic hidden attractors. Let α = 0.01, β =
0.62, N = M = 0, system (1) will generate 2-scroll
hyperchaotic hidden attractors, as shown in Fig. 1.
When N = 0, M = 1, the phase portraits of the gen-
erated 3-scroll hyperchaotic hidden attractors are
shown in Fig. 2. When N = M = 1, system (1)
will generate 4-scroll hyperchaotic hidden attrac-
tors, as shown in Fig. 3. When N = 1, M = 2

and N = M = 2, system (1) will generate 5- and 6-
scroll hyperchaotic hidden attractors, and the phase
portraits are respectively shown in Figs. 4 and 5.
When N = 5, M = 6, system (1) will generate 13-
scroll hyperchaotic hidden attractors, as shown in
Fig. 6. As can be seen from these phase portraits,
by adjusting the values of the parameters N and
M , the system (1) can generate different numbers
of multiscroll hyperchaotic attractors with hidden
characteristics along with the x-axis.
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Fig. 3. Phase portraits of 4-scroll hyperchaotic hidden attractors in (a) x–y, (b) x–z and (c) x–w plane. The parameters are
set as: α = 0.01, β = 0.62, N = M = 1.
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Fig. 4. Phase portraits of 5-scroll hyperchaotic hidden attractors in (a) x–y, (b) x–z and (c) x–w plane. The parameters are
set as: α = 0.01, β = 0.62, N = 1, M = 2.
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Fig. 5. Phase portraits of 6-scroll hyperchaotic hidden attractors in (a) x–y, (b) x–z and (c) x–w plane. The parameters are
set as: α = 0.01, β = 0.62, N = M = 2.
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Fig. 6. Phase portraits of 13-scroll hyperchaotic hidden attractors in (a) x–y, (b) x–z and (c) x–w plane. The parameters
are set as: α = 0.01, β = 0.62, N = 5, M = 6.

3. Dynamics Analysis and Adaptive
Synchronization

3.1. Symmetry and dissipation

System (1) has a natural symmetry under the coor-
dinates transform (x, y, z, w) to (−x,−y,−z,−w),
which persists for all values of the system parame-
ters. By using this property, it is easy to extend the

saddle-focus equilibriums with index 2 by construct-
ing multipiecewise functions with odd symmetric.

The general case of dissipativity for system (1)
is calculated as

∇V =
∂ẋ

∂x
+

∂ẏ

∂y
+

∂ż

∂z
+

∂ẇ

∂w

= αzw − β. (3)
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Therefore, system (1) is dissipative if ∇V < 0,
namely αzw − β < 0, when selecting α = 0.01,
β = 0.62, and then we get zw < 62. This means
that the asymptotic motion settles onto an attractor
and each volume containing the system trajectory
shrinks to zero at an exponential rate as t → ∞.

3.2. Equilibrium and stability
analysis

The equilibrium of system (1) can be obtained by
solving the following equation



y = 0,

z − αyzw = 0,

−x − y − βz + f(x,M,N) = 0,

y + z = 0.

(4)

The equilibrium of system (1) is EQ = (xE , yE ,
zE , wE) = (xE , 0, 0, c), where c is a real constant,
xE = −M − 0.5,−M + 0.5, . . . ,−0.5, 0.5, . . . , N −
0.5, N + 0.5. It means that the w-axis is the line
equilibrium of system (1), namely that system (1)
has infinite number of equilibriums. According to
the definition of chaotic system with hidden attrac-
tors [Jafari & Sprott, 2013; Pham et al., 2016b],
system (1) is a kind of chaotic system with hidden
attractors. The Jacobian matrix of system (1) at
the equilibrium EQ can be expressed as

J(EQ)

=




0 1 0 0

0 αzw 1−αyw αyz

−1+ f ′(x,M,N) −1 −β 0

0 1 1 0




∣∣∣∣∣∣∣∣∣∣
EQ

=




0 1 0 0

0 0 1 0

−1 −1 −β 0

0 1 1 0


. (5)

It can be seen from Eq. (5) that, although the
system (1) has infinite number of equilibriums, the
Jacobian matrix at the equilibriums of this system
is independent of the position of the equilibriums.

By solving |λE − J(EQ)| = 0, where E is an
identity matrix, we can get that the characteristic
roots of the system (1) at the equilibrium EQ satisfy

the following equation

λ(λ3 + βλ2 + λ + 1) = 0. (6)

Obviously, one of the solutions in Eq. (6) is 0,
and the other three satisfy

λ3 + βλ2 + λ + 1 = 0. (7)

The solution of Eq. (7) can be obtained accord-
ing to the root formula of the standard unary cubic
equation. The algebra expression of the general
solution is


λ1 = −β

3
+ 3

√
−q

2
+

√
∆ + 3

√
−q

2
−

√
∆,

λ2,3 = −β

3
− 1

2

(
3

√
−q

2
+
√

∆ + 3

√
−q

2
−

√
∆
)

±
√

3
2

j

(
3

√
−q

2
+

√
∆ − 3

√
−q

2
−

√
∆
)

,

(8)

where q = 2β3/27 − β/3 + 1,∆ = q2/4 + p3/27 =
β3/27 − β2/108 − β/6 + 31/108, p = −β2/3 + 1.
According to the root criterion of the unary cubic
equation, when ∆ > 0, the equation has a real root
and two complex roots. Therefore, for ensuring that
the system (1) has chaotic behavior, it must guaran-
tee ∆ > 0. In addition, since the saddle-focus equi-
librium with index 2 is extremely important for the
generation of chaos, it is necessary to ensure that
the solution of Eq. (7) has a negative real number
solution and a pair of conjugate solutions with pos-
itive real parts, namely


∆ > 0,

−β

3
+ 3

√
−q

2
+

√
∆ + 3

√
−q

2
−

√
∆ < 0,

−β

3
− 1

2

(
3

√
−q

2
+

√
∆ + 3

√
−q

2
−

√
∆
)

> 0.

(9)

We can solve this equation and obtain
−2.6107186 < β < 1, namely when system coeffi-
cient β meets this condition, Eq. (7) has a negative
real number solution and a pair of conjugate solu-
tions with positive real parts. We select β = 0.62,
the solutions of Eq. (6) are λ1 = −0.8423, λ2,3 =
0.1111 ± 1.0839j, λ4 = 0. In this case, all the equi-
libriums of the system are saddle-focus equilibriums
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with index 2. Therefore, the system has the poten-
tial to generate a chaotic attractor.

3.3. Lyapunov exponent, bifurcation
diagram and Poincaré map

In this section, we will use the dynamic analysis
methods, including Lyapunov exponent diagram,
bifurcation diagram and Poincaré map, to investi-
gate the dynamical characteristics of the multiscroll
hyperchaotic system with hidden attractors. Since
the nonlinear function f(x,M,N) in the proposed
hyperchaotic system contains sign functions sgn(x),
sgn(x−n) and sgn(x+ m), in order to calculate the
Lyapunov exponents, the continuous differentiable
functions a tan(B(x))/(π/2), a tan(B(x−n))/(π/2)
and 2a tan(B(x+m))/(π/2) are adopted to approx-
imate the corresponding sign function. In general,
if B is larger, the approximation performance is
better, so B = 1000 is selected [Zhang & Yu, 2013;
Zhou et al., 2018b]. We use the famous Wolf algo-
rithm [Wolf et al., 1985] to simulate the Lyapunov
exponent spectrum with respect to β. When α =
0.01, N = M = 2, β ∈ (0.4, 1.1), and initial condi-
tions are set as [0.4, 0, 0,−0.4], the Lyapunov expo-
nents and bifurcation diagram of system (1) are
shown in Fig. 7.

It can be seen from Fig. 7(a) that, when 0.4 <
β < 0.948, LE 1 > 0,LE 2 > 0,LE 3 ≈ 0 and LE4 < 0.
In other words, the system (1) has two positive Lya-
punov exponents, a negative Lyapunov exponent
and a Lyapunov exponent equal to 0, which indi-
cates that the system (1) is hyperchaotic in this
parameter space. When β = 0.62, the Lyapunov
exponents are LE 1 =0.0837,LE 2 =0.0791,LE 3 =0

and LE4 = −0.7728, so the Lyapunov dimension
is DL ≈ 3.21, which corresponds to a hyperchaotic
attractor. As parameter β increases further, such
as 0.948 ≤ β < 0.993, and then LE 1 > 0,LE 2 ≈
0,LE 3 < 0,LE 4 < 0, system (1) has only one pos-
itive Lyapunov exponent, so the system goes from
hyperchaotic state to general chaotic state. There-
fore, the dynamic behavior complexity of the system
is reduced. It can also be seen from the Lyapunov
dimension, that when β = 0.96, the Lyapunov expo-
nents are LE1 = 0.0849,LE 2 = 0,LE 3 = −0.056
and LE 4 = −0.986, so the Lyapunov dimension is
DL ≈ 3.03, which corresponds to a general chaotic
attractor.

As the system parameter further increases,
when in interval 0.993 ≤ β < 1.02, the system
has two Lyapunov exponents that are equal to 0
and two negative Lyapunov exponents, thus the
corresponding Lyapunov dimension in this inter-
val is DL = 2, which corresponds to quasi-periodic
attractor (torus). When 1.02 ≤ β < 1.1, the sys-
tem has only one Lyapunov exponent that is equal
to 0, others are negative and the corresponding Lya-
punov dimension in this interval is DL = 1, which
corresponds to the periodic attractor (limit cycle).
The above analysis results are further confirmed in
Fig. 7(b). According to Figs. 7(a) and 7(b), when
0.4 < β < 0.948, system (1) is a multiscroll hyper-
chaotic system, and when 0.948 < β < 0.993, sys-
tem (1) is a general multiscroll chaotic system. This
is the innovation of the multiscroll hyperchaotic sys-
tem designed in this paper, compared with the mul-
tiscroll chaotic system with hidden attractors pro-
posed in [Chen & Yang, 2015], it has more complex
dynamic characteristics.
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Fig. 7. Lyapunov exponent and bifurcation diagram with the system parameters α = 0.01, N = M = 2 and 0.4 < β < 1.1,
(a) Lyapunov exponent diagram and (b) bifurcation diagram, β − x.
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Fig. 8. Poincaré map in (a) x–y plane, z = 0, (b) x–z plane, y = 0 and (c) x–w plane, z = 0.

Figure 8 shows the Poincaré map diagram, in
this diagram, the system parameters are α = 0.01,
β = 0.62 and N = M = 2. The Poincaré map of the
system (1) in x–y, x–z and x–w planes are respec-
tively shown in Figs. 8(a)–8(c). As can be seen from
Figs. 8(a)–8(c), the Poincaré map of the system on
different planes are a number of dense points and
they are respectively very similar to Figs. 5(a)–5(c),
which proves the characteristics of bifurcation and
foldability that chaos possesses.

3.4. Adaptive synchronization of
the novel four-dimensional
chaotic system

The adaptive synchronization method enables the
system to adjust its coupling strength along with
the magnitude of error, which is more suitable
for numerical simulation and actual system [Zhou
et al., 2008; Du et al., 2018]. The estimation method
of unknown parameters brought by adaptive syn-
chronization method provides a good analysis tool
for chaotic synchronization. In recent years, adap-
tive synchronization methods have been widely used
in the study of chaotic synchronization [Vaidya-
nathan, 2016; Gao et al., 2016]. Therefore, we give
an adaptive synchronization example for the pro-
posed multiscroll hyperchaotic system with hidden
attractors.

The two multiscroll hyperchaotic systems with
hidden attractors, we called them respectively mas-
ter and slave systems, are described as follows. The
master system is described as



ẋ1 = y1,

ẏ1 = z1 − αy1z1w1,

ż1 = −x1 − y1 − βz1 + f(x1,M,N),

ẇ1 = y1 + z1,

(10)

while the slave system is


ẋ2 = y2 + ux,

ẏ2 = z2 − αy2z2w2 + uy,

ż2 = −x2 − y2 − βz2 + f(x2,M,N) + uz,

ẇ2 = y2 + z2 + uw,

(11)

in which α and β are unknown system parameters.
In Eq. (11), u = [ux, uy, uz, uw]T is the designed
adaptive controller. The error function about all
state variables of the master system and the slave
system are expressed as (ex, ey, ez, ew) = (x1 − x2,
y1 − y2, z1 − z2, w1 − w2).

Because the system parameters α and β are
unknown, for adaptive control method, we must
estimate the error of the system parameters, they
are represented as (eα, eβ) = (α−α1, β−β1), where
the estimations of the unknown parameters α and
β are α1 and β1, respectively.

The designed adaptive controller is shown
below


ux = ey + δxex,

uy = ez − α1(y1z1w1 − y2z2w2) + δyey,

uz = −ex − ey − β1ez + δzez,

uw = ey + ez + δwew,

(12)

where δx, δy, δz and δw are four positive gain
constants. The system parameter update law in
Eq. (12) is given by (α̇1, β̇1) = [−ey(y1z1w1 −
y2z2w2),−e2

z].
Next, we verify the correctness of the designed

adaptive controller. For this reason, we define a
quadratic Lyapunov function

V (ex, ey, ez, ew, eα, eβ)

=
1
2
(e2

x + e2
y + e2

z + e2
w + e2

α + e2
β). (13)
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The Lyapunov function is differentiated and the
following equation is obtained

V̇ = exėx + ey ėy + ez ėz + ew ėw

+ eαėα + eβ ėβ. (14)

The error dynamics of the master system and
the slave system can be expressed as


ėx = ẋ1 − ẋ2 = −δxex,

ėy = ẏ1 − ẏ2 = −eα(y1z1w1 − y2z2w2) − δyey,

ėz = ż1 − ż2 = −eβez − δzez ,

ėw = ẇ1 − ẇ2 = −δwew.

(15)

We can get the corresponding dynamics of the
parameter estimation errors (ėα, ėβ) = (−α̇1,−β̇1).

Based on the analyses above, one can get the
differential form of the Lyapunov function

V̇ = −δxe2
x − δye

2
y − δze

2
z − δwe2

w. (16)

It is easy to see that the differential of the Lya-
punov function is a negative semidefinite function.
Therefore, it is simply to verify that ex → 0, ey →
0, ez → 0 and ew → 0 exponentially as t → ∞
according to the Barbalat’s lemma [Khalil, 2002].
Therefore, the synchronization between the master
system and the slave system is obtained.

In order to verify the correctness of the designed
adaptive controller and synchronization scheme, we
take the 6-scroll hyperchaotic system with hidden
attractors as an example to carry out the synchro-
nization simulation experiment. The initial state of
system state variables, the system parameters and
the initial value of corresponding parameter estima-
tion in the two systems are listed below



x1(0) = 0.4, y1(0) = 0,

z1(0) = 0, w1(0) = 0.8,

x2(0) = 0.2, y2(0) = 0.1,

z2(0) = −0.1, w2(0) = 0.75,

α = 0.01, β = 0.62,

α1(0) = 0.03, β1(0) = 0.58.

(17)

The positive gain constants are selected as
δx = δy = δz = δw = 3. Figure 9 shows the time-
history of the synchronization errors ex, ey, ez

0 5 10
−0.1

0

0.1

0.2

0.3

time

e x, e
y, e

z, e
w

e
x

e
y

e
z

e
w

Fig. 9. Time-history of the synchronization errors between
the master system and the slave system, when x1(0) = 0.4,
y1(0) = 0, z1(0) = 0, w1(0) = 0.8; x2(0) = 0.2, y2(0) = 0.1,
z2(0) = −0.1, w2(0) = 0.75; α = 0.01, β = 0.62; α1(0) = 0.03,
β1(0) = 0.58.

and ew. From Fig. 9, we can see that the synchro-
nization between the slave system and the master
system is achieved.

4. Hardware Circuit Design and
Experimental Results

In order to further verify the correctness of the
proposed multiscroll hyperchaotic system with hid-
den attractors, the corresponding circuit experi-
ments are carried out in this section. The designed
hardware experimental circuit is shown in Fig. 10.
The analog multiplier AD633JN and the opera-
tional amplifier TL082 are adopted in the circuit
implementation. The power voltage of TL082 and
AD633JN are set to ±15V.

Let vC1 = x, vC2 = y, vC3 = z and vC4 = w, of
which vC1, vC2, vC3 and vC4 respectively represent
the voltages across the capacitance C1, C2, C3 and
C4 in Fig. 10. It is easy to get the state equation of
the circuit shown in Fig. 10




C1 · dx

dt
=

y

R1
,

C2 · dy

dt
=

z

R2
− 0.01 · yzw

R3
,

C3 · dz

dt
= − x

R4
− y

R5
− z

R6
+

f(x)
R7

,

C4 · dw

dt
=

y

R8
+

z

R9
.

(18)
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Fig. 10. Circuit diagram of multiscroll hyperchaotic system with hidden attractors.

Fig. 11. Field picture of hardware circuit experiment.
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The time factor 1/RC is introduced into Eq. (1)


C · dx

dt
=

y

R
,

C · dy

dt
=

z

R
− αyzw

R
,

C · dz

dt
= − x

R
− y

R
− βz

R
+

f(x)
R

,

C · dw

dt
=

y

R
+

z

R
.

(19)

Let α = 0.01, β = 0.62, C1 = C2 = C3 =
C4 = 10nF and R = 100 kΩ, and compare Eqs. (18)
and (19), one gets



1
R1

=
1
R

→ R1 = 100 kΩ,

1
R2

=
1
R

→ R2 = 100 kΩ,

0.01
R3

=
α

R
→ R3 = 100 kΩ,

1
R4

=
1
R

→ R4 = 100 kΩ,

1
R5

=
1
R

→ R5 = 100 kΩ,

1
R6

=
β

R
→ R6 = 161.3 kΩ,

1
R7

=
1
R

→ R7 = 100 kΩ,

1
R8

=
1
R

→ R8 = 100 kΩ,

1
R9

=
1
R

→ R9 = 100 kΩ.

(20)

The photo of the experimental site is shown
in Fig. 11. The relationship between the number
of scrolls and the on-off set of switch is listed in
Table 1, which contains ten kinds of circumstances.
For the circuit in Case 1,Case 2,Case 4, and set-
ting the corresponding value of the comparison volt-
age E, the 2-scroll, 3-scroll and 4-scroll hidden
attractors chaotic phase portraits can be observed.
The experimental circuit results of hidden attrac-
tor chaotic phase portraits in x–y and x–z plane
are shown in Fig. 12.

Comparing Figs. 12(a) and 12(b) and Figs. 1(a)
and 1(b), Figs. 12(c) and 12(d) and Figs. 2(a) and
2(b), Figs. 12(e) and 12(f) and Figs. 3(a) and 3(b),
we can see that the MATLAB simulation results
and the circuit experimental results are consistent.
This proves the correctness of the proposed multi-
scroll hyperchaotic system with hidden attractors.

5. Relevant Literature Comparison

The relevant literature comparison is shown in
Table 2. The number of scrolls generated by the
hyperchaotic systems with hidden attractors that
were published in [Wang et al., 2012; Khan &
Shikha, 2018; Singh & Roy, 2018; Zhou & Yang,
2013; Chen & Yang, 2015] are limited, at most, only
2-scroll hidden attractors can be generated, and no
hardware circuit verifications have been carried out.
The multiscroll chaotic system with hidden attrac-
tors proposed in literature [Hu et al., 2016] can gen-
erate any number of scroll hidden attractors only in
numerical simulation. However, when the circuit is
implemented, it is limited to sine function electronic
devices and only a limited number of scrolls can be
generated. Therefore, this chaotic system is a kind
of multiscroll chaotic system with limited number of
scrolls; in addition, this multiscroll chaotic system

Table 1. Relationship between the number of scrolls with the on-off set of switch.

S1 S2 S3 S4 S5 S6 S7 E/V Number of Scrolls

Case 1 off off off on off off off 0 2
Case 2 off off on on off off off 1 3
Case 3 off off off on on off off −1 3
Case 4 off off on on on off off 0 4
Case 5 off on on on on off off 1 5
Case 6 off off on on on on off −1 5
Case 7 off on on on on on off 0 6
Case 8 on on on on on on off 1 7
Case 9 off on on on on on on −1 7
Case 10 on on on on on on on 0 8
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(a) (b)

(c) (d)

(e) (f)

Fig. 12. Hardware experimental results of multiscroll hyperchaotic circuit with hidden attractors. In which, phase portraits
of 2-scroll hyperchaotic hidden attractors are shown in (a) x–y and (b) x–z plane; phase portraits of 3-scroll hyperchaotic
hidden attractors are shown in (c) x–y and (d) x–z plane; phase portraits of 4-scroll hyperchaotic hidden attractors are shown
in (e) x–y and (f) x–z plane (where x = y = z = 0.5 V/div).

Table 2. Related literature comparison.

Literature Number of Scrolls Complexity of the System Hardware Experiment Published Year

[Wang et al., 2012] Single Scroll Hyperchaotic No 2012
[Zhou & Yang, 2013] 2-Scroll Hyperchaotic No 2013
[Chen & Yang, 2015] 2-Scroll Hyperchaotic No 2015
[Khan & Shikha, 2018] 2-Scroll Hyperchaotic No 2018
[Singh & Roy, 2018] 2-Scroll Hyperchaotic No 2018
[Hu et al., 2016] Limited Chaotic No 2016
[Hu et al., 2017] Limited Chaotic No 2017
[Escalante-Gonzalez et al., 2017] Arbitrary Chaotic No 2017
This paper Arbitrary Hyperchaotic Yes —

1950117-11
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with hidden attractors is not a hyperchaotic system.
In literature [Hu et al., 2017], a multiscroll chaotic
system with hidden attractor is designed based on
memristor and sine function, and the same prob-
lem is encountered as in literature [Hu et al., 2016],
the proposed system is a multiscroll chaotic system
with limited number of scrolls and it is not a hyper-
chaotic system. The multiscroll chaotic system with
hidden attractors designed in literature [Escalante-
Gonzalez et al., 2017] can generate any number of
scroll hidden attractors, but it is not a hyperchaotic
system and no hardware experiment has been car-
ried out.

By comparison, the chaotic system proposed in
this paper can generate hidden attractors with any
number of scrolls and it is a hyperchaotic system
with more complex dynamic characteristics, there-
fore, it is more suitable for chaotic secure commu-
nications, image encryption, and so on. In addition,
the hardware experiments are also carried out using
discrete components.

6. Conclusion

Based on Jerk chaotic system, a multiscroll hyper-
chaotic system with hidden attractors that can
generate any number of scrolls is proposed. The
numerical simulations of the system are given by
MATLAB simulation, including the phase portraits
of 2-, 3-, 4-, 5-, 6- and 13-scroll hyperchaotic hid-
den attractors. The dynamic characteristics of the
multiscroll hyperchaotic system with hidden attrac-
tors are analyzed by means of dynamic analysis
methods such as Lyapunov exponent and bifurca-
tion diagram. An adaptive synchronous numerical
simulation is carried out for the proposed chaotic
system. The hardware experiment of the proposed
multiscroll hyperchaotic system with hidden attrac-
tors is carried out using discrete components, the
hyperchaotic phase portraits of 2-, 3- and 4-scroll
hidden attractors are generated, and the experi-
mental results are consistent with the MATLAB
simulation results. Finally, by comparing the rele-
vant literatures, we find that the reported hyper-
chaotic systems with hidden attractors can only
generate 2-scroll hidden attractors, but the hyper-
chaotic system with hidden attractors proposed in
this paper can generate N + M + 2 scroll hyper-
chaotic hidden attractors; other reported multi-
scroll chaotic systems with hidden attractors are
not hyperchaotic systems, while the proposed mul-
tiscroll chaotic system with hidden attractors is a

hyperchaotic system, and the whole circuit has a
simple structure. It is worth noting that the simple
step sequence is adopted in our work to generate
multiscroll attractors. However, in order to gener-
ate more chaotic attractors with different shapes
in the proposed chaotic system, the nonlinear func-
tions in the proposed chaotic system can be replaced
by piecewise-linear sequence [Yu et al., 2007], sat-
uration sequence [Zhang & Wang, 2018], and hys-
teresis sequence [Zhang & Yu, 2009; Lü et al., 2006].
And the corresponding equilibrium calculation and
simulation test are carried out and proved to be
feasible.
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