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Robust Multimode Function Synchronization of
Memristive Neural Networks With Parameter
Perturbations and Time-Varying Delays

Wei Yao, Chunhua Wang"', Yichuang Sun

Abstract—Currently, some works on studying complete syn-
chronization of dynamical systems are usually restricted to its
two special cases: 1) power-rate synchronization and 2) expo-
nential synchronization. Therefore, how to give a generalization
of these types of complete synchronization by the mathematical
expression is an open question that needs to be urgently solved. To
begin with, this article proposes multimode function synchroniza-
tion by the mathematical expression for the first time, which is
a generalization of exponential synchronization, power-rate syn-
chronization, logarithmical synchronization, and so on. Moreover,
two adaptive controllers are designed to achieve robust multi-
mode function synchronization of memristive neural networks
(MNNs) with mismatched parameters and uncertain parameters.
Each adaptive controller includes function r(f) and update gain
o. By choosing different types of r(f), multiple types of complete
synchronization, including power-rate synchronization and expo-
nential synchronization can be obtained. And update gain o can
be used to adjust the speed of synchronization. Therefore, our
results enlarge and strengthen the existing results. Two examples
are put forward to verify the validity of our results.

Index Terms—Adaptive controller, complete synchronization,
memristive neural networks (MNNs), mismatched parameters,
multimode function synchronization, uncertain parameters.

I. INTRODUCTION

N 1971, memristor was first assumed by Chua [1], and the
I nanoscale material object of memristor was achieved by HP
laboratory in 2008 [2]. Due to the excellent properties, such as
nonvolatile memory and low power, memristor has very broad
application prospects in chaotic circuits, neural networks, and
so on [3]-[12].

Memristive neural network (MNN) can be designed by
replacing resistor of neural network with memristor to imi-
tate the synapse [12]-[14], [18], [19], [24]-[41]. MNN has
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broad applications in some fields [12]-[14], such as higher
brain functions, logical operations, image processing, etc.
Hence, it is necessary to research the dynamical proper-
ties of MNN [16]-[41], one of which is synchronization.
Recently, there are many works on synchronization prob-
lems of dynamical systems [16]-[46], because of its broad
application prospects [15], [16], including information pro-
cessing and secure communication. Up to now, some types of
concepts of synchronization were investigated, for example,
power-rate synchronization [42], [43], exponential synchro-
nization [26]-[31], [35], [37], anti-synchronization [33], [34],
projective synchronization [36], function projective synchro-
nization [24], lag synchronization [17]-[19], cluster synchro-
nization [20], multisynchronization [21]-[23], and so on.
Currently, synchronization of dynamical systems can be real-
ized by using feedback control [26]-[37]. For instance, anti-
synchronization with linear feedback control was investigated
in [33] and [34]. Power-rate synchronization by impulsive
control was addressed in [42]. Exponential synchronization
was studied via state feedback control [26], [27], [35], pin-
ning control [28], delay-dependent feedback control [30],
state feedback control, or adaptive feedback control [31], [37].
In [36], finite-time projective synchronization by linear
feedback control was achieved. Different feedback con-
trollers are designed to achieve different types of syn-
chronization and meet different needs. For instance, if
a general type of synchronization is required, projective
synchronization [36] and function projective synchroniza-
tion [24] are suited. Projective synchronization (or function
projective synchronization) can be regarded as a general
form of complete synchronization and anti-synchronization.
Actually, power-rate synchronization [42], [43] and expo-
nential synchronization [26]-[31], [35], [37] are two spe-
cial cases of complete synchronization. Currently, com-
plete synchronization has been extensively investigated
in some literatures [26]—[31], [35], [37], [42], [43]. However,
these works are usually restricted to power-rate synchro-
nization and exponential synchronization. Therefore, how to
generalize these types of complete synchronization by math-
ematical expression is an open question which needs to be
urgently solved.

Because of environmental disturbances and dependence on
state for parameters of MNNs, we usually cannot acquire
parameter values without deviation and the parameters of drive
and response MNNs may be mismatched [38]-[41]. Uncertain
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parameters and mismatched parameters of MNNs may lead to
instability and some unpredictable influence for the systems.
Therefore, the effect of uncertain parameters and mismatched
parameters cannot be neglected. In recent years, there are
some researches on the robust synchronization of MNNs with
uncertain parameters or mismatched parameters [38]-[41]. For
example, Li et al. [38] investigated the robust synchroniza-
tion of MNNs with mismatched coefficients and mismatched
time-varying delays. Finite-time robust synchronization and
asymptotical robust synchronization of MNNs were studied
with mismatched parameters in [39] and [40], respectively.
When there exist uncertain parameters in multiple MNNs,
the robust synchronization problem was investigated in [41].
However, there is no work on robust synchronization of
drive and response MNNs with mismatched parameters and
uncertain parameters.

Inspired by the above-mentioned discussions, we focus
attention on robust complete synchronization of drive and
response MNNs with mismatched parameters and uncertain
parameters. For the purpose of investigating complete synchro-
nization of drive/response dynamical systems, the multimode
function synchronization is proposed, which can general-
ize some existing definitions of complete synchronization,
including power-rate synchronization and exponential synchro-
nization. This article will deal with the robust multimode
function synchronization problem between drive MNN system
and response MNN system. Robust multimode function syn-
chronization means that the states of drive and response
MNN systems with parameter perturbations are identical via
multiple convergence methods. It is worth mentioning that
power-rate synchronization [42], [43] and exponential syn-
chronization [26]-[31], [35], [37] can be viewed as two spe-
cial cases of multimode function synchronization. Compared
with power-rate synchronization [42], [43] and exponential
synchronization [26]-[31], [35], [37], multimode function syn-
chronization is more convenient to be used in practical appli-
cations and can meet more requirements due to its flexible and
multiple types of complete synchronization. Therefore, mul-
timode function synchronization enlarges the existing results
and has generality. Moreover, this article designs two adaptive
controllers to achieve robust multimode function synchroniza-
tion of MNNs with parameter perturbations and time-varying
delays. Compared with linear feedback control [33], [34], [36]
and state feedback control [26], [27], [31], [35], [37], [39],
adaptive control is more flexible. The main contributions can
be summarized as follows.

1) Multimode function synchronization, which is a gen-
eralization of power-rate synchronization, exponential
synchronization, logarithmical synchronization, and so
on, is proposed for the first time. Thus, multimode
function synchronization is suitable for power-rate syn-
chronization and exponential synchronization.

2) Two adaptive controllers are designed to achieve robust
multimode function synchronization of MNNs with mis-
matched parameters and uncertain parameters.

3) Each adaptive controller in this article includes function
r(t) and update gain o. Function r(¢) can be freely cho-
sen, such as exponential function, polynomial function,

and logarithmical function, then corresponding robust
complete synchronization can be obtained. And update
gain o can be applied to adjust synchronization speed
according to the practical needs.

The remainder of this article is organized as follows. In
Section II, MNNs with parameter perturbations and the defi-
nition of multimode function synchronization are introduced.
Two adaptive controllers are designed to realize robust mul-
timode function synchronization of MNNs in Section III.
Section IV presents numerical simulations to verify the effec-
tiveness of the obtained results. Finally, the conclusions are
given in Section V.

II. MEMRISTIVE NEURAL NETWORK SYSTEM
AND PRELIMINARIES

Notations: For vector v = (¥4, D2,.. 191)T € %l
I = [>! _,9219/2. T'| and I'; denote |xm(t)| < Ky and
[Xn ()| > Kkm, respectwely, Q1 and 2, denote |y, (1) < km
and |y, (1)| > Kk, respectively; and «,, represents switching
threshold. y; = max{| G|, |§mz|} Pmz = max{|Pmz|, | Pmz|};
IBmz = max{|ﬂmz| |,Bmz|} and @y; = max{|@pe|, |@me|}; where
Cmzs Emzs Pmzs Pmzs Bmzs Pmzs @mz, and @y, are constants;
mz=1,2,...,1L

We consider MNN system with time-varying delays as

I
(1) = —Cmm (1) + Y Gmz Com(D)f:(2(0))

z=1

I
+ D oz Com (1)) 82 (2 (t = T(1))) + I (1)
=1
t20,2m=1,2,...,l (D)
where the self-inhibition ¢, of neuron x,,(f) is positive con-
stant; f;(.) and g, (.) are activation functions; &;;(x;,(¢)) and
Omz(xm(f)) are memristive connection weights; t,(f) is the
time-varying delay and O < 7,(f) < t (7 is a positive constant);
and [, (¢) is the external input.
According to the simple memeristor model [36], the mem-
ristive connection weights ¢z (x,,(¢)) and oy, (x, (7)) can be
written as

_ Szmza 1—‘1
Smz(Xm(£)) = { R (2)
and
_ /‘)mza Fl
Pz (X (1)) = {ﬁrnz’ I, 3)

As described above, due to environmental disturbances and
dependence on state for parameters of MNNSs, there inevitably
exist mismatched parameters and uncertain parameters in
MNNs in reality. Thus, the MNN system with time-varying
delays in (1) can be rewritten as a more realistic one

l
Jm(t) = —CmXm () + Z [§mz(xm(t)) + Agmz(t)]fz(xz(t))

z=1

l
+ Z [pmz(xm(t))+Apmz(t)]gz(xz(t_fz(t)))+lm(t)
z=1

t>0, m=1,2,...,1 4
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where Ag,;(f) and Ap,(f) represent the uncertain
parameters. The initial condition is x(s) = ¢(s) =
(D1(s), da(s), ...,¢1(s))T. Similar to paper [41], uncertain
parameters A, (¢) and App,(f) are bounded, namely

[AGmz()| < tnzs |APmz (D] < Upyg

where (., and vy, are positive constants.
Set (4) as the drive MNN, then the corresponding realistic
response MNN can be represented as

!
Im(®) = —Cmym(®) + Z [a)mz(ym(t)) + Aa)mz(t)]fz()’z(t))

z=1

I
+ D [Brom®) + ABue(0]: (vt — (1))
z=1

+ Iy +un@®, t>0, m=1,2,....,1 (5

where u,(f) represents appropriate feedback control;
Wz Y () and B (ym(2)) denote memristive connection
weights; and Aw,,;(f) and ApS,,;(¢) are the uncertain parame-
ters. The initial condition is y(s) = ¢(s) = (¢1(5), @2(5), ...,
q)l(s))T. Similarly, @;,; (v, (¢)) and B, (v (¢)) can be written as

On(m (1)) = {zZZ g;
_ Bmz’ Q]
ﬂmz(ym(t)) - {Emza QZ-

Uncertain parameters Awy,.(f) and Ap,,,(f) are bounded,
namely

[Awpz (O] < Xmz» |1ABmz ()] < Y.

where y;,; and Y,,, are positive constants.

Remark 1: Combining drive MNN (4) and response MNN
(5), two types of parameter perturbations can be obtained. The
first type is mismatched parameters. In this article, parameters
satisfy the following inequalities: Gy (X, (1)) # Wmz(Ym (1))
and Pz (Xm (1)) # Bmz(ym(1)). Hence, parameters wp:(ym (1))
and B,,,; (v (¢)) of the response MNN (5) are mismatched with
Smz(Xm (1)) and ppz (X, (7)) of the drive MNN (4), respectively.
The second type is uncertain parameters. Ay (¢), Apy;(f) in
drive MNN (4) and Awp,; (1), ABn(t) in response MNN (5)
are uncertain parameters.

Let the synchronization error e, (t) = x,(t) — yn(t), then
we can get

1
en(®) = —cmen(® + Y [SmCon(®) + Az (O]f: (1))
z=1

!

=Y [Omm(®) + Aom(O]f (1)

z=1
l
+ 3 [omzCon(®) + Aoz (0] g2 (et — (1))
z=1
1

= [BuzOm(®) + ABuz(t) 8=t — (1))
z=1

—Up(t), >0, m=1,2,...,1 (6)

To study the complete synchronization problem, some def-
initions on synchronization are presented below.
For two dynamical systems

{J'C(t) =f(x(®)
y() =fr@)

where x(1) = (x1(1), x2(0), ..., ()T, y(1) = G1(D), y2(0),
...,yl(t))T, and the initial conditions are x(s) = ¢(s) =
(@1(), 92(5), ..., B1NT, ¥(s) = @(s) = (91(8), p2(s), ..,
@i(s))T, some definitions on synchronization are presented as
follows.

Definition 1 [42], [43]: If there exist positive constants O,
«, and ty, such that

lx(®) = yOIl = O1

(7

sup [lg(s) — @)™,

—1<s<0

=19 (8)

then two dynamical systems (7) can achieve power-rate syn-
chronization.

Definition 2 [26]—[31], [35], [37]: If there exist positive
constants (> and B, such that

lx(®) =yl = 02 —p

sup [l¢(s) —g(s)lle =0 9

—7<s5<0
then two dynamical systems (7) can achieve exponential
synchronization with a degree .
When x(1) = (x1 (1), x2(0), - .., ;)7 y(B) = 01 (1), y2(1),
.., y1(0))T are affected by parameter perturbations, all types
of complete synchronization mentioned above are robust, that
is, the corresponding robust complete synchronization can be
obtained.

From the Definitions 1 and 2, power-rate synchroniza-
tion [42], [43] and exponential synchronization [26]-[31],
[35], [37] can show the process of infinite approximation
and present the convergence rate. In fact, two systems can
tend to same state by different convergence rates and conver-
gence methods when time approaches to infinity. In this arti-
cle, we propose multimode function synchronization for two
dynamical systems (7) to generalize these existing definitions.

Definition 3: If there exist a monotone nondecreasing
continuous function r(f) and a positive constant Q, such that

lx(@®) —yOI <0

sup
—7<5<0

|I¢(S)—¢(S)|I/r(t), 1=0 (10)

then two dynamical systems (7) can achieve multimode
function synchronization based on the convergence rate
r(t), where r(s) is a positive constant, s € [—7,0], and
lim;— 4 oor(f) = +00.

When two dynamical systems (7) are written into MNN
systems (5) and (4), we can have the following definition.

Definition 4: If there exist a monotone nondecreasing
continuous function r(f) and a positive constant Q, such that

lx() —y®OIl = Q sup ||¢(S)—¢(S)|I/r(t), =0 (1D

—7<s<0
then MNN systems (5) and (4) can achieve robust multi-
mode function synchronization based on the convergence rate
r(t), where r(s) is a positive constant, s € [—7,0], and
limy—s 4o (1) = +00.

Authorized licensed use limited to: HUNAN UNIVERSITY. Downloaded on August 17,2022 at 03:25:48 UTC from IEEE Xplore. Restrictions apply.



YAO et al.: ROBUST MULTIMODE FUNCTION SYNCHRONIZATION OF MNNs WITH PARAMETER PERTURBATIONS AND TIME-VARYING DELAYS 263

The drive The response
MNN MNN
Parameter | L Parameter
perturbations Achieve the perturbations

corresponding L
synchronization (hoosmgjthc
mode cor S
The realistic The realistic Design adaptive 0 A
drive MNN (4) drive MNN (4) controller syncl r::::jl:a ion

Schematic diagram of robust multimode function synchronization of

Fig. 1.
MNNS.

By choosing different types of r(¢), multiple types of robust
complete synchronization can be obtained. Specific multiple
types of complete synchronization can be represented as
follows.

Synchronization Mode 1: When r(¢) is an exponential func-
tion, such as r(f) = ¢*, « is a positive constant, system (5) and
system (4) can achieve robust exponential synchronization.

Synchronization Mode 2: When r(t) is a polynomial func-
tion, such as r(t) = 2 + 1, system (5) and system (4) can
achieve robust polynomial synchronization. It is worth noting
that power-rate synchronization is a special case of polynomial
synchronization.

Synchronization Mode 3: When r(t) is a logarithmic func-
tion, such as r(#) = In(t+a), a > 7+1, system (5) and system
(4) can achieve robust logarithmical synchronization.

When r(¢) is different from the above-mentioned func-
tions, we define the type of complete synchronization between
system (5) and system (4) as Synchronization mode 4.

Remark 2: Definition 3 provides a general definition of
multiple types of complete synchronization by mathemati-
cal expression. From Definition 3, power-rate synchroniza-
tion [42], [43] and exponential synchronization [26]-[31],
[35], [37] can be viewed as two special cases of multimode
function synchronization. Therefore, multimode function syn-
chronization is general and enlarges the existing results.

III. ROBUST MULTIMODE FUNCTION SYNCHRONIZATION
OF MNNS WITH ADAPTIVE CONTROLLER

The schematic diagram of robust multimode function syn-
chronization of MNNSs is shown in Fig. 1. First of all, the drive
and response MNNs will change to the realistic drive and
response MNNs with two types of parameter perturbations.
According to some practical needs, we choose synchroniza-
tion mode between the realistic drive MNN and the realistic
response MNN. Then the corresponding function r(f) and
update gain o are chosen to design the adaptive controller,
where function r(f) is used to generate multiple types of
robust complete synchronization, including robust power-rate
synchronization and robust exponential synchronization, and
update gain o is used to adjust the speed of synchronization.
Finally, the realistic drive and response MNNSs can achieve the
corresponding robust synchronization mode under the adaptive
controller.

A. Robust Multimode Function Synchronization

In this section, we will design two adaptive controllers to
achieve robust multimode function synchronization between
system (4) and system (5).

Adaptive Controller (A): Consider adaptive control (A) as
follows:

U (1) = Ay (D) e (1) + Sm(t)sgn(em(t))
om (1) = Oulr(t)em(t)]?
Em(t) = our (1) lem ()]

where 6,,, 0, are positive constants; sgn(e,(¢)) is the sign
function; r(¢) is a continuously differentiable and monotone
nondecreasing function. r(s), An,(s), and &,(s) are posi-
tive constants, s € [—7,0], and lim;—4oor(¥) = o0,
m=1,2,...,1L

Assumption 1: Functions f,,(.) and g,(.) are bounded,
namely, |fn(a)| < M,, and |gn(a)| < N, for any a € N,
where M,, and N,, are positive constants; f,(.) satisfies
Lipschitz condition, namely, there exists constant L, > 0,
so that |f;(a1) — fu(a2)| < Lwla; — az| for any ay,a; € 0,
m=1,2,...,1L

Assumption 2: The function r(¢) satisfies

r(t)
where ¢ = minj<,<i{cn}-

Theorem 1: MNN systems (5) and (4) can achieve robust
multimode function synchronization with the adaptive con-
troller (A) under Assumptions 1 and 2.

Proof: See Appendix A. [ ]

Corollary 1: When r(¢) is an exponential function, such as
r(t) = e’ b > 0, MNN systems (5) and (4) can realize robust
exponential synchronization with the adaptive controller (A)
with no need for the assumption 2.

Proof: See Appendix B. [ ]

Remark 3: The dynamic state coupling condition in [31] and
adaptive control condition in [37] for exponential synchroniza-
tion of MNNs can be seen as two special cases of the adaptive
controller (A) for robust multimode function synchronization
of MNN:s. Therefore, adaptive control method proposed herein
is more general and flexible.

Corollary 2: MNN systems (5) and (4) can achieve robust
multimode function synchronization under Assumptions 1
and 2 with the following adaptive controller:

lilm(t) = Am(Den(t) + sm(t)sgn(hm(em(t)))
A (0) = Olr(t)em(t)]?
Em(t) = omr? () lem(?)]

where hy(en(1)) = fin(xXm (D) — fin(Ym(2)); function f,(.) is
strictly monotone increasing; m = 1,2, ..., L

Proof: Because f;,(.) is strictly monotone increasing, we can
get sgn(hy, (en (1)) = sgn(en,(t)), so (14) is equivalent to (12).
The proof is finished. |

Corollary 3: MNN systems (5) and (4) can achieve robust
multimode function synchronization under Assumptions 1
and 2 with the following adaptive controller:

l:im(t) = Am(®en(t) — gm(t)Sgn(hm(em(l)))
A () = Oulr(tem (DT
Em() = omr? (D) lem(D)]

where hy(en(D) = fouCon(0)) — fonGim(1); function fu(.) is
strictly monotone decreasing; m = 1,2,...,1.

12)

13)

(14)

5)
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Adaptive Controller (B): Next, we design the other adaptive
controller. We consider adaptive control (B) as follows:

“m(t) = bl (enm(t)) + en()sgnle, (1))
A (1) = O (D) em (D) (em (1))
Em(1) = opr? ()]en (D)

where 0,, are o, are positive constants; sgn(e,,(¥)) is the sign

function; r(¢) is a continuously differentiable and monotone
nondecreasing function. r(s), A, (s) and &,,(s) are positive con-

(16)

stants, s € [—t, 0], and lim;_, y 5or(t) = +00,m = 1,2, ..., L
Assumption ~ 3:  The  transmission delay  7,(?),

m=1,2,...,1[ satisfies
() < 1. (17)

We change Assumption 1 to Assumption 4 which will be
used in Theorem 2.

Assumption 4: Functions f,,,(.) and g,(.) are bounded,
namely, |f;,(a)| < M,, and |g,,(a)| < N, for any a € R, where
M, and N,, are positive constants; and for any aj,ar € N,
there exists constant L, > 0, such that

Offm(al) — fm(az) <
a) —as

Ly,

m=1,2,...,1L

Theorem 2: MNN systems (5) and (4) can realize robust
multimode function synchronization under Assumptions 2, 3,
and 4 with the adaptive controller (B).

Proof: See Appendix C. |

Remark 4: In some research results, such as [26], [27],
[31], [32], and [35], the activation function g,,(.) needs to
satisfy Lipschitz condition to achieve synchronization. In this
article, it is not necessary for g,,(.) to satisfy Lipschitz condi-
tion by utilizing adaptive controller (A) or (B) to synchronize
MNNSs. Therefore, the conditions herein are less conservative,
compared with the above-mentioned research results.

From Assumption 4, we can get the activation functions
fm(.) is monotone nondecreasing. So, when the function f;,(.)
is strictly monotone increasing, the following corollary can be
obtained.

Corollary 4: MNN systems (5) and (4) can realize robust
multimode function synchronization under Assumptions 2, 3,
and 4 with the following adaptive controller:

Lfm(t) = A (Ohp(en(t)) + Sm(t)sgn(hm(em(t)))
A (1) = Ot (O em (O hm(em (D))
Em(t) = omr? () lem(?)]

where m=1,2,...,1

Remark 5: Adaptive controller (A) consists of A, (f)e, (t)
and &, ()sgn(e, (7). As time t — o0, en(t) — O,
sgn(e, (1)) = 1, or -1 (f e, (t) # 0). Thus, update gain o,
makes the decisive factor for controlling the synchronization
speed. In other words, synchronization speed increases with o.
The similar results can be obtained for adaptive controller (B).

Remark 6: In [26], it is very hard to get the solutions of the
conditions for Theorem 1 because a gain matrix needs to be
chosen such that Hamiltonian matrix has no eigenvalues on the
imaginary axis. It needs use MATLAB Tool-box to solve this
problem. In [27], [35], [39], and [41], linear matrix inequality

(18)

e, (1)

Fig. 2. Circuit design of adaptive controller (A).

(LMI) is applied to find some matrices satisfying the condi-
tions of theorems. Some constants need to be chosen such
that some LMI conditions of theorems are satisfied in [40].
To some extent, these conditions of Theorems in [26], [27],
[35], and [39]-[41] are complex to find the solutions, and they
can only be solved by users via some computer-aided tools.
In this article, it is not necessary to find the solutions for the
conditions of Theorems 1 and 2. According to practical needs,
users choose synchronization mode between the realistic drive
MNN (4) and the realistic response MNN (5). Then the corre-
sponding function r(¢#) and update gain o are chosen to design
the adaptive controller. Finally, the realistic drive and response
MNNSs can achieve the corresponding robust synchronization
mode under the adaptive controller and some assumptions.

Remark 7: In some recent published work [42]-[46],
power-rate synchronization [42], [43], and exponential syn-
chronization [44]-[46] were addressed. Compared with these
results [42]-[46], the proposed robust multimode function syn-
chronization has great theoretical and practical significance
because of its strong anti-jamming ability, and can gener-
alize the existing definitions of multiple types of complete
synchronization due to its being able to achieve multiple
types of robust complete synchronization (that is multiple
convergence methods). The robust multimode function syn-
chronization proposed in this article has three remarkable
features: 1) robustness—under two types of parameter per-
turbations, MNNs can achieve complete synchronization;
2) fast convergence rate—choose an appropriate update gain
o according to the practical needs, the fast convergence
rate can be obtained; and 3) multiple types of complete
synchronization—function r(f) can be freely chosen, such as
exponential function, polynomial function, and logarithmical
function, thus corresponding robust complete synchronization
can be obtained.

B. Circuit Design and Complexity Analysis of Adaptive
Controller

The designed circuit of the adaptive controller (A) is shown
in Fig. 2.

The absolute value circuit and sign function circuit in Fig. 2
can change e, (f) into |e,(f)| and sgn(e,(t)), respectively.
From Fig. 2, we can write voltage v| and v,, given by

Rs
V) = —Hefn(t)ﬂ(o
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and
RY e
=——r .
V2 R €m

We can also derive voltage v3 and v4 as

= = 2,02 (1)
3T TCIR3 ~ CIR3RI'™

. 1% Rv 5

V4 = r(t)]en ().

" C2R4 T C2RAR2
Note that the output voltage u,,(f) can be given by

Um(t) = viem(r) + vasgn(en(1)).

Setting (Rs/C1R3R1) = 6, and (Rv/C2RAR2) = oy, then
v3, va and u,, () constitute the adaptive controller (A).

Similarly, the circuit of adaptive controller (B) can also be
designed, which is not detailed here.

Now, we discuss the complexity of adaptive controllers.
In the following, we mainly analyze the time complexity of
adaptive controller (A), but similar analysis can also be con-
ducted for adaptive controller (B). For adaptive controller (A),
the derivative of A,;(f) needs four multiplication operations.
The derivative of &,,(f) needs three multiplication operations
and one absolute value operation. In addition, u,,(f) needs
two multiplication operations, one addition operation and one
symbolic function operation. Therefore, the adaptive con-
troller (A) requires 12 operations in total. We assume the
step length is / second, and the runtime of system is n sec-
ond. Then the time complexity of adaptive controller (A) is
T(n) = O(12n/h) = O(n). In the same way, we can also get
the time complexity of adaptive controller (B), which is given
by T(n) = O(n).

Remark 8: In [33], [34], [41], and [44], synchronization of
MNNs was addressed by linear feedback control. However,
the control gain of the linear feedback controller must be
maximal, which means that there exists waste to some extent
in practical applications. Different from the linear feedback
controller, the proposed adaptive controller can increase the
control gain on the basis of adaptive methods and thus is more
flexible. Computationally, the adaptive controller is efficient
and suitable for synchronization of MNNs due to its low time
complexity. Our analytical derivations in the above and numer-
ical examples to be presented in the following demonstrate the
feasibility of the adaptive controller for the synchronization
of MNNSs theoretically. Furthermore, our circuit design in the
above proves the feasibility of the practical implementation of
the adaptive controller.

IV. NUMERICAL EXAMPLES

The above theoretical results and analysis can be verified in
this section.
Example 1: Consider a two-neuron drive MNN as follows:

2
m(t) = —CmXm () + Z [§mz(xm(t)) + Agmz(t)]fz(xz(l))

z=1

2
+ D [ome Con(®) + Aoz (0] g2 (1 — (1))
z=1

+ In(t), m=1,2 19)

-08 -06 -04 -02 0 0.2 0.4 0.6 08 1

Fig. 3.

1

0.8

06

Xt and y,(t

x,(t) and yt)

L L L L . .
0 10 20 30 40 50 60 70 80
s

Fig. 4. State trajectories of xq(¢) and yq (¢), x2(f) and y,(f) without feedback
controller.

where ¢, = 1; 1,,(t) = (' — 1) /(' + 1); T = 1; 1,,(t) < 0.5;
activation function f,(w) = g,(w) = tanh(w); k,, = 1; and
In(@®) =0;m,z=1,2

s1@xi()) = }gg E
si2(x1() = :8; 11:;
S21(x2(1) = :gg 11:;
sn () = 322 ;;
pr1(xi(0) = :i;‘g %
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-0.1, T
PO =1 50
—0.12, T
p21(2(N) =\ _ s F;
-22, T
p2(2() = _ g F;.
Uncertain parameters are
Agi1(®)  Agia()
Ag (D) Agxn()
[ 3x1072sin(H 1 x 1072 cos(r)
~ |5 x 1072 tanh(r) 0
Api1(®  Ap2(d)
Ap21(®)  Apxn(D)
[ 1x 107 %sin(r) 0
T 1 x107%cos() 2 x 107?sin(p) |’

Consider the response MNN as follows:

2
Ym (D) = —Cmym(1) + Z [wmz(ym(t)) + Awmz@)]fz(}’z(t))

z=1
2
+ ) [Brom®) + ABue()]: (vt — (1))
z=1
+ () +up(®), m=1, 2 20)
where
2.02, @
oum® =115 o
—-0.13, @
MO =1_g5 o
—4.82, Q
onm® =1_5" o
ona) = 157" 5!
—1.54, Q
Bui(®) =1_, 59 Q;
—0.11,
P01 =1 006
—-0.29, Q@
P =105 a,
-2.52, Q
Poa) =1 570 o)
Uncertain parameters are
(Ao () Awp@®)]
| Awi () Awn(l) |
_[1x1072cos() 3 x 107 2sin(r)
L 0 1 x 1072 tanh(z)
[ AB11(1) Aﬁu(t)}
| ABai (1) APaa(r)

_ 0 4 x 1072 cos(7)
T L6 x 1072 tanh(r) 1.5 x 1072 sin(?) |’

The other parameters are the same as (19).
When initial conditions are (x;(s), x2(s))T = (1, =1)T for
s € [— 1, 0], the phase plot between x1(f) and x,(f) of system

2)

3)

ts

Fig. 5. Synchronization errors e1(f) and e;(f) with ten arbitrary initial con-
ditions using adaptive controller (A) for three cases: 1) 6, = 1, o, = 5; 2)
O =1, 0m =0.5;3) 0, =1, oy = 0.05; m = 1,2. It is obtained that
synchronization speed increases with o.

25

201

time(s)

25

201

Fig. 6. Relationship between convergence time of error e;(f) and
parameter oy,.

(19) is shown in Fig. 3. The MNN system (19) exhibits chaotic
behavior with the above initial conditions. When the initial
conditions of system (20) are (yi(s), y2(s))T = (=0.6,1.2)7,
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15

X,(t) and y,(t)

%) and y.(t)

8 10 12 14
s

Fig. 7. State trajectories of x1(f) and yq (), x2(¢) and y;(f) without feedback
controller.

s € [ — 1, 0], the state trajectories of x; () and yj (), x2(¢) and
y2(¢) without feedback controller are shown in Fig. 4.

We consider control input u,,(¢) as adaptive controller (A),
and set r(f) = (2 + 1) and initial values (A (s), A2(s)T =
0,07, (e1(s), e2()” = (0,07 for s € [—1,0]. To better
explore how o, will affect the synchronization speed, we
take into consideration three cases: 1) 6, = 1, o, = 5;
2) 6, =1, 0, = 05; and 3) 6, = 1, 0, = 0.05;
m = 1,2. Fig. 5 presents errors e;(¢f) and ep(¢#) with ten
arbitrary initial conditions. The ten arbitrary initial conditions
satisfy x;,(s) = ¢m(s) € [—1.8, 1.8] and y,,(s) = @nu(s) €
[—1.8,1.8] for s € [—1,0], m = 1, 2. Thus, the initial errors
em(s) € [-3.6,3.6], s € [—1, 0]. From Fig. 5, MNN systems
(20) and (19) can realize robust polynomial synchroniza-
tion under adaptive controller (A). Moreover, synchronization
speed increases with o.

Fig. 6 shows the relationship between convergence time of
error e,,(f) and parameter o,,. It can be shown that synchro-
nization speed increases with 0. When parameter o is less than
10, synchronization speed is almost proportional to the loga-
rithm of o. When parameter o is greater than 10, convergence
time is very small and synchronization speed is not propor-
tional to the logarithm of o. Convergence time of error e, (f)
is close to 0 with parameter o, = 10. Theoretically, conver-
gence time of error e,,(f) can infinitely close to 0 along with
parameter o,,,. However, the larger the parameter o, the greater
the computation and storage. Therefore, fast synchronization
speed can be obtained under small amount of computation

267

x1(t) and y1(t)

%(t) and )

L 1 L L 1 L L
4 6 8 10 12 14 16 18 20
s

Fig. 8. State trajectories of xq(¢) and yq(f), xo(¢) and y,(¢) using adaptive
controller (B).

and storage when parameter ¢ is in the interval [10°, 10%].
In practical applications, the upper bound for parameter oy,
should be 10°.

Example 2: Consider another two-neuron drive MNN as
follows:

2
(1) = —Coxm(@®) + Y [Smen (D) + Agme(O]f(x:(0)

z=1

2
+ 3 [omz Com(®) + Apmz (0] (x:(t — (1))
z=1
+ In(0),

m=1, 2 @21)

where ¢;; = 1; 1,,(6) = (' — 1) /(e + 1); T = 1; 1,,(f) < 0.5;
activation function f,(w) = g.(w) = [(jw+ 1| — |w — 1])/2];
km=1;and I,,(t) =0, m,z =1, 2.

Uncertain parameters are

|:A§11(t) Aglz(t)}
Ag (D) Agan(t)
_ [ (20+3sin() x 1072 (12 — 3tanh(r)) x 1072
- [ 2 x 1072 cos(r) 1 x 1072 cos(7) ]
[Apna) Aplz(t)]
Ap21(®)  Apxn()

_ [2 x 1072 tanh(?)

(20 4 3 cos(r)) x 1072
| 3x 107 2sin()

(1 + 2sin(r)) x 1072

The other parameters are the same as (19).
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2) |

tls

Fig. 9. Synchronization errors e (f) and e;(¢) with ten arbitrary initial con-
ditions using adaptive controller (B) for three cases: 1) 6, = 1, oy, = 20; 2)
Om =1, 0y =2;and 3) 6, = 1, 0y, = 0.2; m = 1,2. It is obtained that
synchronization speed increases with o.

Set the response MNN as follows:

2
Ym() = —Cmym(t) + Z [wmz()’m(t)) + Awmz(t)]fz(yz(t))

z=1

2
+ D [Brom®) + ABue()]: (vt — (1))

z=1

+ In(®) +up(t), m=1, 2. (22)

Uncertain parameters are
[Awi1(t)  Awia(l)
| A1 (1) Awx(r)
_ [ (3 —tanh()) x 1072 2 x 1072 cos(?)
| 4x1072sin() (2 + sin(r)) x 1072
[AB11(1)  ABra(t)
| ABai (1) ABaa(D)

[ +3sin() x 1072 2 x 1072 tanh(r)
| 2 —sin(®)) x 1072 2 x 1072 cos(r) |’

The other parameters are the same as (20).

We consider control input u,,(f) as adaptive controller (B)
and initial values (A1(s), 22(s))T = (0, 0)7, (g1(s), £2(s))T =
0,07 for s € [—1,0]. Set r(r) = &*¥, 6,, = 1, o = 2,
m = 1,2. When the initial conditions are (x;(s), x2(s))T =
0.8,0.3)7, (y1(5), 2(s)T = (=0.2,0.DHT, 5 € [—1,0], the
state trajectories of x1(¢) and yi(¢), x2(¢) and y»(#) without
feedback controller and with adaptive controller (B) are shown
in Figs. 7 and 8, respectively.

30 T
——e,()

251

30

251

Fig. 10. Relationship between convergence time of error e, (f) and
parameter oy,.

This article considers three cases: 1) 6,, = 1, o, = 20;
2)by=1,0,=2;and3)0,=1,0, =02;m=1,2.Fig. 9
presents the corresponding errors e (f) and e (f) with another
ten arbitrary initial conditions. From Fig. 9 and Definition 4,
we can get that MNN systems (22) and (21) can realize robust
exponential synchronization using adaptive controller (B), and
synchronization speed increases with o.

Fig. 10 shows the relationship between convergence time of
error e, (f) and parameter o,,. It can be shown that synchro-
nization speed increases with ¢. Similar to example 1, when
parameter o is in the interval [10°, 10?], fast synchronization
speed can be obtained under small amount of computation
and storage. In practical applications, the upper bound for
parameter o,, should be 10%.

V. CONCLUSION

In this article, a general definition of multiple types of
complete synchronization by mathematical expression, that
is, multimode function synchronization is proposed for the
first time. Compared with other types of complete synchro-
nization, such as power-rate synchronization and exponential
synchronization, multimode function synchronization has its
own unique features and advantages.

1) Multimode function synchronization can generalize the
existing definitions of multiple types of complete syn-
chronization.

2) Multimode function synchronization can generate
multiple types of complete synchronization, includ-
ing power-rate synchronization and exponential syn-
chronization by choosing different types of r(¢).
This is a unique feature of the proposed approach,
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which power-rate synchronization and exponential
synchronization do not possess.

3) Itis convenient to observe the process of infinite approx-
imation and present different convergence rate when two
systems tend to same state as time goes on. Therefore,
the obtained results are general and enlarge the exist-
ing results. Then, two adaptive controllers are designed
to achieve robust multimode function synchronization
between the drive and response MNN systems with
parameter perturbations and time-varying delays.

However, there are two disadvantages in the proposed

method. First, synchronization speed is not proportional to the
logarithm of update gain o when it is larger than 102. In other
words, when update gain o is large enough, the change of
convergence rate is limited. Second, for the type of complete
synchronization to be achieved, we need to set the correspond-
ing function r(¢) in advance. We will continue to solve these
problems in our further research. In the future research, mul-
timode function synchronization can be further developed in
different systems, such as chaotic networks systems, inertial
MNN:Ss, and coupled dynamical systems. Moreover, it can also
be used in dynamical systems with multiple stable equilib-
rium states [21]-[23]. From the application point of view,
multimode function synchronization can be applied in some
fields [15], [16], such as information processing and secure
communication. Therefore, the proposed synchronization has
important theoretical value and practical significance.

APPENDIX A
PROOF OF THEOREM 1

Consider a Lyapunov function as
1< Lo
_ 2 2 a2
Vi) = ) E [r(Hen®]” + E zem)‘m(t)

+ Z —(em(r) ~ )’
m= 1
where ©,, is positive constant that will be decided.
The derivative of V| (¢) can be written as

l

l
Vi) =Y r@0imen® + Y rF(en(®
r;i:E_Cmem )
l

+ > [ome () + Agme(O]f:(x:()

z 1

- Z Omz Ym (1)) + Awmz(t)]fz()’z(t))

Z_

m=1

+ Z [omz o (£)) + A pne ()] 82 (2 (2 — T=(1)))

z=1

= [Buom®) + ABnz(0]8: (5t — (1))
z=1

— Am(D)em(t) — Em(f)sgn(em(t))}

+ Z @O [r(em(®)) + Z(em(t) O (1)
m=1 m=1
X |eq ()]

1 1
= Y ri0e, ) + Y rDen(t)

X 3 —Cmem(t)

1
+ > [ome () + Agme(O]f:(x: ()

z=1

l
> [0m:0m®) + Ao ()]f:(:(0)

z=1

1
+ 3 [omz Con(®) + Aoz (0] Gt — 7))

z=1

1
= [BrcOm(®) + ABuz(1) |82t — (1))

z=1

l
= O D)len(®).

m=1

Uncertain parameters Ay (1), Apm(f), Awp(t), and
APz (f) are bounded, namely, |AGu ()| < Umz, |APmz ()| <
Unzo 180zl = Xmz» |ABmz(D] < Yz, where g,
Xmz» and Y,, are positive constants. Moreover
Smz = max{|§mz| |§mz|} Pmz = max{|Pmel, | Omel}; ,Bmz =
maX{|,3m1| |,3mz|} and @y = max{|@me|, |&m|}. According to
Assumption 1, we can get |f;(a)| < M, and |g.(a)| < N, for
any a € 0, where M, and N, are positive constants. Therefore,
we can obtain

Umz s

l [

> P Oen® D [smeom(®) + Agumz(0f(x:(1)

m=1 z=1

l

— Y [0mOn®) + Aww(O]f (1)

z=1

l 1
<> FP®len® Y
m=1 z=1

X {[|§mz(xm(t))| + |A§mz(t)|:|
X ()] + [lom m (D)) + | A ()]0}

[ l

= Z 72(Z)|em(t)| Z (§n1z + iz + Oz + sz)Mz

m=1 =1
and

1 !

D P Oen®] D [omeCon(®) + Ape(1)]

m=1 z=1
!

x g(x(t = To(1)) = Y [Buem(®)

z=1

+ A:Bmz(t)]gz()’z(t — 1(1))
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< Zr (®)lem(1)] Z

m=1

{[|;0mz(xm(t))|
+ |Apmz(t)|]|gz(xz(t — 7z(1))]
[|,3mz()’m(t))| + |A,3mz(f)|]|gz(.)’z(t - Tz(t)))|}

= Z r=(D)em (D] Z (;Omz + Upz + ,Bmz + TmZ>N

m=1

From adaptive controller (A), r(¢) is a continuously differen-
tiable and monotone nondecreasing function. r(s) is a positive
constant, s € [—7,0], and lim,, {7 (f) = +00. Moreover,
the function r(¢) satisfies ([(1)]/r(¢)) < c¢ in Assumption 2,
where ¢ = minj<;;</{c,}. Then

1
> G — cnr()r(t)ep, (1) < 0.

m=1

Therefore, we have

l
Vit) < Y () — enr(0)r(ep, (1)

m=1

1
+ Y AO)len(®)]

m=1

I
Z [(émz + Mmz + Omz + sz)M

z=1

+ (ﬁmz + Uz + ,émz + Tmz>Nzi| — 0O

l

Zr (0)em(1)]

1
- Z §mz + Umz + é)mz + sz)Mz

z=1
+(:5mz + Unz + ,émz + Tmz>Nz]

The positive constant ®,, can be properly chosen as

I
O = Z I:(Scmz + Mz + Omz + sz)Mz

z=1
+ (ﬁmz + Umz + ﬁmz + Tmz)Nz] + 1

Thus, we get

I
Vi) < =) rP0len(d] < 0.

m=1

From the mathematical expression of Vi (#), we have

l
1
zrz(t) n; e2,(t) < Vi(r) < V1(0)

and
I

% > 20)e2,0) + Z —k2 2(0)

m=1

Vi(0) =

1
+ Z 3 (En(©) Om)’.
m=1
If supfrisioﬂe(s)”2 # 0, there exists a positive constant 7,
such that
1
> 5

m=1

Om)* <n sup e

—7<s<0

I
1
3 0) + 35— (em(0) —
Om
m=1
Thus, we can obtain

sup [le(s)]?

—7<s5<0

POl = Brz(m + n}

and

lle@®ll < Py sup 0||€(S)||/r(l)

where P = [r2(0) + 25]'/2 > 0. From Definition 4, MNN
systems (5) and (4) can achieve robust multimode function
synchronization with adaptive controller (A). For convenience,
we set ¢ = 1. When r(f) is a polynomial function, such as
r(t) = 2+ 1, [i(0)/r(H)] = [2t/f* +1] < c. Then system
(5) and system (4) can achieve robust polynomial synchro-
nization with the adaptive controller (A). When r(¢) is a
logarithmic function, such as r(f) = In(2 + 10), [i(t)/r(H)] =
(2t/[(#*> + 10) In(#*> 4+ 10)]) < c. Then, system (5) and system
(4) can achieve robust logarithmical synchronization with the
adaptive controller (A). The proof is finished.

APPENDIX B
PROOF OF COROLLARY 1

Consider a Lyapunov function

Va(t) = - Z e, (t)+Z 3 Gon(®) = 80)”

m—l
1
§ —— () — Op)?
+m_1 200, (em (D) m)

where §,, and ®,, are positive constants that will be decided.
Combining the derivative of V,(f) with the proof of
Theorem 1, we get

1 l
Va(t) <D (b — e — Sm)en ) + €Y lew(®)]
m=1
I
X Z [(fmz + Wz + Omz + sz)Mz

z=1

m=1

+ (ﬁmz + Umz + ,émz + Tmz)Nz] — Op,

The positive constants §,, and ®,, can be properly chosen as

Sn=b—cy,
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and

~

= Z I:(S:mz + Mz + Omz + sz)Mz

z=1
+ </3mz + Uz + Bmz + Tmz>Nzi| + 1
Then we can obtain

1
Y lem(] < 0.

m=1

Va(t) < —

Therefore, when r(f) is an exponential function, MNN
systems (5) and (4) can realize robust exponential synchro-
nization under adaptive controller (A) with no need for the
Assumption 2.

APPENDIX C
PROOF OF THEOREM 2

Consider a Lyapunov function

!
1
Vs = 5 ) e

m=1

+21/r

1
+ Z 3 QD =
m=1

[7(8) i (em () 1Pds

T (2)
L
Sm)+ Y 5o (En(®) = Om)’
m=1
(23)

where §,, and ®,, are positive constants that will be decided.
The derivative of V3(#) can be written as

l

1
Vs(t) = ) ri0en 0 + Y rF(em(?)

m=1 m=1

1
< —cmem(®) + Y [smeCom(®) + Agme (1) Jfo (x(1))

z=1

I
— Y [0mOn®) + Aww (O] (1)

z=1

+ D [omCon(®) + Aoz (0] (et — 7))

z=1

= [Bunzm(®) + ABuz(6)] - (v2(t — (1))

z=1

— A (Ohm(em (1)) — em(@)sgnlen (1))

I
+ ) [r(Ohmem()]?
m=1
= 37 1 = T haen(t — TP = £(0)
m=1
+ Z (A (D) — ‘Sm)rz(t)em(t)hm(em(t))
m=1

1
+ Y (Em(t) = O (Dlen(®)]

m=1
1
=Y rOFDe,0) + ) rF(0en()
m=1 m=1

1
x 3 —Cmem(® + Y [men (D) + Agme (1) o (x:(1)

z=1

!
— Y [0mGn®) + Awu(O]f: (1)
z=1
1

+ D [omCon(®) + Aoz (] g2 (1 — 7))

z=1

1
= [BuzOm(®) + ABuz(1) ] (v:(t — 7:(1)))

=1
l

+ ) [rOhm(em()]

ml=l
— "1~ ) (en(t — TN~ (1))

m=1

l

= Sur? DemOhm(en®) = Y O (®)len(1).

m=1 m=1

From Assumption 4, we get
2
—em(Dhm(em(n) < M

From Assumption 3, the transmission delay 1,,/(?),
m=1,2,...,1, satisfies 7,,(t) < 1. Thus, we can obtain

l
= > 1t = T @) (en(t = Tu @D — (1)) < 0.
m=1
From adaptive controller (B), r(¢) is a continuously differen-
tiable and monotone nondecreasing function. r(s) is a positive
constant, s € [—1, 0], and lim;_, 4 oo 7 (f) = +00. Moreover, the
function r(z) satisfies [(¢)/r(f)] < c in Assumption 2, where
¢ = minj<yu<i{cy}. Combining with the proof of Theorem 1,
we have

1 1
V3(t) < Y10 — cnr®Ir(Den ) + Y r(0len()

m=1
1

X Z [(fmz + Mz + Oz + sz)Mz

z=1

+ (ﬁmz + Umz + ,émz + Tmz)Nz]

1

+ ) [r(Ohm(em()]

m=1

l

— > O ®)len(1)]

m=1

= <1 _ _) [F (D) (em ()] + Z (1) lem (1)

m=1

m=1

Z St () em (D (€ (1))

m=1
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I
X Z [(S:mz + Wz + Omz + sz)Mz

=1
+(/6mz + Umz + ,émz + Tmz)Nz:I — 0O

The positive constants §,, and ®,, can be properly chosen as
8m = L,

and

Om = Z I:(S:mz + Wz + Omz + sz)Mz

z=1
+ (ﬁmz + Uz + Bmz + Tmz>Nz] +1.

Thus, we can obtain

l
Vi) < =Y P(0)len(®] 0.

m=1
From (23), we can have

l
%rzm > el (1) < Va() < V3(0)

m=1

and

l l 0
V3(0) = % PR OEAOESY / o (), (em(s))ds
m=1"Y"tm

m=1

Lo Lo

—— (A (0) = 8,)% — (g (0) — ®,)2.
+m§29m(m(> ) +m§26m(em() m)

If sup_,SS50||e(s)||2 # 0, there exists a positive constant 7,
such that
I

1 - )
> 35 (@) = 80)% + ,,; 55 En(©) = Ow)

2
<m sup e
—7<5<0

Then

1 2 2

V(0 = 52O le)]
L0
L2 2 2 d
+ max | m]szl /_ o ree s

+ 7 sup le(s)]?
—7<5<0

)
< Er O+ max

—1<5<0;1<m<lI

[rz(s)L,i} + n]
x sup e
—7<s<0

Thus, we can have
1, 2
- t t
2" ®lle®

max
—1<5s<0;1<m<lI

< BrZ(o)Jrr Hr2(s)L§1} +n}

x sup [le()]?

—7<s<0

and

eIl = P2 lle(s)l

sup
—7<5<0

r (1)

where P, = [2(0) + 2rmax_r§y50;15m51{r2(s)L,2n} + 271/
> (. From Definition 4, MNN systems (5) and (4) can achieve
multimode function synchronization with adaptive controller
(B). More specifically, when r(f) is an exponential function,
such as r(f) = ¢, 0 < b < ¢, MNN systems (5) and
(4) can realize robust exponential synchronization under
adaptive controller (B). For convenience, we set ¢ = 1.
When 7(t) is a polynomial function, such as r() = > + 1,
system (5) and system (4) can achieve robust polynomial
synchronization with adaptive controller (B). When r(r)
is a logarithmic function, such as r(f) = In(? + 10),
system (5) and system (4) can achieve robust logarithmical
synchronization with adaptive controller (B). The proof is
finished.
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